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Chapter 1

Basic mathematical tools

1.1 Topics in integration

Literature: Sydseeter et al. (2005, chap. 4), Walde (2007, chap. 4.3)
The objective of this chapter is mainly to recall basic concepts on integration and differ-

ential equations and to serve as a reference for later applications.

1.1.1 Definitions
Definition 1.1.1 (Partial derivative) Let f = f(z1,...,x,) = f(x) where x € R™, then

0

denotes the partial derivative, i.e. the derivative of f(z) with respect to x; when all the other

variables are held constant.

Definition 1.1.2 (Total derivative) Let f = f(z1,...,x,) = f(x) where z € R"™, then
df = fo,doy + foydry+ o+ fo dan =Y foda; (1.2)
i=1

denotes the total derivative of f(x).

Example 1.1.3 Let f(xy,...,x,) = 0. Suppose that x3 to x, are held constant. Collecting

terms in (1.2), we obtain

dlL‘l . _&

dz, B le (13)



This is an example of the implicit function theorem (Sydseeter et al. 2005, Theorem 2.8.1),
as the function f(z1,xs,...,x,) = 0 implicitly defines x5 = g(x1, z3, 24, ..., x,), and dxs/dx;

is the partial derivative of this implicit function with respect to .
Definition 1.1.4 (Indefinite integral) Let f(x) be a continuous function. The indefinite

integral of f(x) is defined as any function F(x) satisfying

/f(x)d:r;:F(x) where F'(x) = %F( )= f(x) (1.4)

The term d/dx often is referred to as the differential operator. This definition implies that
there is a infinite number of integrals (or solutions). If F'(x) is an integral, then F(z) + C,

where C' is a constant, is an integral as well.

Definition 1.1.5 (Definite integral) Let f(z) be a continuous function. The definite in-
tegral of f(x) is defined as any function F(x) satisfying

/a e =

If f(x) > 0 in the interval [a, b], then ff f(z)dz is the area under the graph of f over [a,b].
Note the following implications of (1.5),

/f Dt = f(x). dx/f (z) (1.6)

because [ f(t)dt = F(z) — F(a).

F(x) = F(b) — F(a) where F'(x)= f(z) for all x in (a,b) (1.5)

Definition 1.1.6 Let f(z) be a continuous function. If f is integrable over an infinite

interval, and if the limit of the following expressions exists,
b

/_ f(z)de = lim f(z)dx (1.7)

a——00

/aoo flx)dx = bhjglo /abf(x)dm (1.8)

o c b
/ f(x)dx Er_n f(x)dx + ble f(z)dz, ceR (1.9)

we refer to F(x) as defined in either (1.7) to (1.9) as the improper integral of f(x).

Definition 1.1.7 A function f : R — R is said to be of class C* (k = 1,2,...) if all of

its partial derivatives of order up to and including k exist and are continuous. Similarly, a
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transformation f = (f1, ..., fm) from (a subset of) R® — R™ is said to be of class C* if each

of its component functions fi, ..., fm is C*.

1.1.2 Roules of transformation

Two useful ways to transform an integral involve integration by parts (1.10) and integration

by substitution, or change of variable formula (1.11).

Proposition 1.1.8 For two differentiable functions f(x) and g(x),

[ 1@)g @i = fgle) - [ 1)y (1.10)
Proof. Use the product rule and integrate. m

Proposition 1.1.9 For two differentiable functions f(x) and g(u) where x = g(u),

/ f(x)dz = / £(9(u))g (u)du (1.11)

Proof. Define H(u) as the integral of h(u) = f(g(u))g’'(u) and apply the chain rule. m

Exercise 1.1.10

(1.12)

(1.13)

1.1.3 Differentiation under the integral sign

Integrals appearing in economics often depend on parameters. In comparative static analysis,
we compute the change of the value of the integral with respect to a change in the parameter.
An important rule for computing the derivative of an integral is Leibniz’s formula (Sydseeter
et al. 2005, Theorem 4.2.1). Let F'(x) be a continuous function defined by
b(x)
F(z) = flz,t)dt (1.14)
)

a(z
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where a(z), b(x) and f(z,t) are differentiable. Then, the Leibniz formula gives the derivative

of this function with respect to z as (for an illustration see Wélde 2007, Figure 25)

d / / b(x)af(xat)
—F(z) = f(x,0(x))b(x) — f(x,a(x))a’ (x ——d 1.15
370 = SV @) — S et + [ S (115

To prove this result, observe that F' can be interpreted as a function of three variables,

According to the chain rule, we obtain
F'(z) = H, + Hud'(z) + Hyb'(2)

where H, is the partial derivative of h w.r.t.  with a and b as constants, H, = fab fu(z, t)dt
(Sydseeter et al. 2005, p.154). Moreover, according to (1.6), H, = f(x,b) and H, = — f(z,a).

Inserting these results again gives the Leibniz formula.

Exercise 1.1.11 The present discounted value of a continuous flow f(t), t € [s,T], given

the constant rate r s

T
Vs, 1) = / fe t=rqe, re R,

Find V(s,r) and V,(s,r) by means of Leibnitz’s rule and interpret your results.

Exercise 1.1.12 /n o growth model, the total labor force reads

.
N(t) = / n,(u)(?*(’*“)”d'{/. o€ Ry
Jt—=T(t)

where n(u) is the number of workers available for operating new equipment, § its a constant
depreciation rate, and T(t) denotes the lifetime of equipment as governed by obsolescence.

Compute the growth in working population, N(t), and interpret the result.
Exercise 1.1.13 /ind the integrals of the following problems

1.

4a + 32
———dx (hint: integration by substitution)
J 4+ a3 +1 ' '

‘ 1
/ dx (hint: integration by substitution)
. rlnzx '




1.2 Recap differential equations

Literature: Sydseeter et al. (2005, chap. 5, 6), Walde (2007, chap. 4.1)

1.2.1 Definitions

Unlike ordinary algebraic equations, in a differential equation we are looking for a path or a
function instead of a number. The equation includes one or more derivatives of the function.

The following definitions give a more formal description.

Definition 1.2.1 (ODE) An ordinary differential equation is an equation of a function and

its derivatives o', x", ..., 2% and the exogenous variable t,
F(t,x(t),z(t),Z(t),...) =0 (1.16)
where k determines the order as long as we can explicitly solve for this variable.

Definition 1.2.2 (ODE system) A system of first-order ODEs is of the type

— =1 = f(t,z(t)) (1.17)
where t € [ty,00) and the vector x € R™. The function f(-) maps from R™ ™! into R™.

Definition 1.2.3 (Linear ODE) Suppose f(-) is a linear mapping, then forn = 1 equation
(1.17) is a linear ODE,
T+ a(t)r =b(t) (1.18)

where a(t) and b(t) denote continuous functions of t and x(t) is the unknown function.



Definition 1.2.4 (Separability) Suppose & = F(t,x), where F(t,z) can be written as

&= [f(t)g(x) (1.19)

We then refer to F(t,z) as separable in t and x. Ift is not explicitly present, the equation

is called autonomous. Any autonomous equations is also separable.

It is important to learn to distinguish between separable and nonseparable equations, because
separable equations are among those that can be solved in terms of integrals of known

functions (for some examples see Sydsater et al. 2005, chap. 5.3).

1.2.2 Separable and first-order differential equations

The following techniques are useful for many applications in economics. After obtaining an
intuition of a solution, we quickly recap methods for solving separable equations, first-order

linear differential equations and solution techniques via transformations.

Slope fields

Slope fields are especially useful to obtain a feeling for a solution. Consider a one dimensional
first-order differential equation of the type & = f(¢,x) as in (1.18). Drawing straight-line
segments or vectors with slopes f(t,z) through several points in the (¢, xz)-plane gives us a

so-called directional diagram (or slope field).

Exercise 1.2.5 Draw a direction diagram for the differential equation © = x +t and draw

the integral curve through (0,0) in the (t,z)-plane.

Slope fields intuitively suggest that a solution of a differential equation in general is
not unique, that means its solution are integral curves that can be made unique if further

restrictions are applied. A restriction then forces a unique solution.

Example 1.2.6 (Isoquants of perfect substitutes) Let Y = aK + bL be a production
function where a,b > 0. Y denotes output, and K, and L are inputs of capital stock and

labor, respectively. An isoquant is defined by Y =Y € R,. Observe that
b
K=Y —-L (1.20)
a

Differentiating with respect to L gives a differential equation of the form

dK b

dL ~ a
6



The solution to this differential equation is given by the integral curves (1.20).

Example 1.2.7 (Isoquants in the Cobb-Douglas case) Let Y = K“L'™® describe a
production function where 0 < a < 1. 'Y denotes output, and K, and L are inputs of capital

stock and labor, respectively. An isoquant is defined by Y =Y € R,. Observe that

a—1

L (1.21)

Q=

K=Y

Differentiating with respect to L gives a differential equation of the form

dK  o—-1,_, 1 oa-—1 , _a—1
d—L— a (Y/L)a = o K/L = K —ClK/L, C1 = o (122)

The solution to this differential equation is given by the integral curves (1.21).

Separable equations

Assume in the following a differential equation of the type (1.19), that is & = f(¢)g(x).
Note that this equation has to be homogeneous to be separable. The first solution technique

simply is an application of the integration by substitution.

1. For g(x) # 0 divide by g(x), multiply (1.19) by dt and integrate using h(z) = 1/g(x)
/h@ﬁﬂh:/f@ﬂp:lmw+cl

2. According to the change of variable formula (1.11)
/h(x)idt = /h(x)da: =: H(z) + ¢

3. The general solution to (1.19) is H(z) = F(t)+C, where H'(z) = 1/g(x), F'(t) = f(t),

and C' is a constant. If H is invertible, one can explicitly solve for z,

()= H Y F(t)+C)

4. For g(z) = 0, we obtain the constant solution z(t) = a.
The second method is by separating the variables (Sydseeter et al. 2005, p.191),
1. For g(z) # 0 write (1.19) as

dx
X~ Foal)
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Figure 1.1: Isoquants of perfect substitutes
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2. Separate the variables

3. Integrate each side
dx /
—— = [ f(t)dt
/ g(x) )
Evaluate the two integrals and obtain a solution of (1.19), possibly in implicit form.

4. For g(z) = 0, we obtain the constant solution x(t) = a.

For illustration, let F'(t) be the integral of f(t), and g(z) = = then

H(x):/h(x)d:v:/%zln\x|+C:F(t)+C’

F(t)+C F(t) c

&S r=e =ce ', c=e€

is the general solution to the differential equation of the type (1.19). If H(x) is invertible,
x(t)=H ' (F{t)+C), CeR (1.23)
For the simplest case where g(z) = z, the general solution reads x(t) = c;ef®.

Exercise 1.2.8 Find the general solution to the differential equation & =1/x.

Exercise 1.2.9 (Economic growth) Let Y; = Y (t) denote aggregate output, K; = K(t)
the capital stock, and Ly = L(t) the number of workers at time t. Suppose for all t > 0

Y, = KL, 0<a<l
K, = sY;,, Ky;>0
Lt = Loent

where «, s, Ko, Ly and n are all positive constants. Determine the evolution of the capital

stock given an initial level of capital stock Ky and workers L.

First-order linear differential equations

Assume in the following a differential equation of the type (1.18). This equation is called

linear because the left-hand side is a linear function of z and z.



In the simplest case, we consider (1.18) with a and b as constants, where a # 0,
T+ar=> (1.24)

To solve this equation, we multiply by the positive factor e, called an integrating factor.

We then get the equation,

ze® + are™ = be®

This turns out to be a good idea, since the left-hand side happens to be the derivative of

the product ze®. Thus (1.24) is equivalent to

d
— (ze™) = be™

dt
Multiplying by dt and integrating both sides yields

re™ = /beatdt +C = (bla)e™ +C

a

where C'is a constant. Multiplying by e~ gives the solution to (1.24) as,

z(t) =b/a+e *C (1.25)

Comparing this result to the general solution (1.23), it is notable that the solution to the
inhomogeneous equation is the general solution of the associated homogeneous equation and

a particular solution of the non-homogeneous equation.

Remark 1.2.10 The set of solutions of a differential equation is called its general solution,

while any specific function that satisfies the equation is called a particular solution.

This solution technique using the integrating factor can be applied immediately also to

the case where a is a constant, and b(t) is time varying,
i+ar=>0bt) = zlt)=Ce™+e™ / e™b(t)dt (1.26)

For the general case (a # 0) as in (1.18), the trick used for solving the equation has to
be modified as follows. Multiply (1.18) by the integrating factor e to obtain

e 4 a(t)xe® = b(t)eA®
We need to find an A(¢) such that the left-hand side of this equation equals the derivative
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of zeA®. Note that the derivative is #e® + A(t)zeA®. We therefore make A(t) satisfy
A(t) = a(t) by choosing A(t) = [ a(t)dt. This makes (1.18) equivalent to

% (ze®) = b(t)e®

Multiplying by dt and integrating gives

zeAl) = / b(t)e* Dt +C,  A(t) = / a(t)dt

Collecting terms gives the solution as

A general approach of determining the solution of (1.18), especially useful for higher-
order differential equations, is the method of variation of parameters. This method makes it
possible always to find a particular solution provided the general solution of the associated

homogeneous differential equation is known. Recall that any solution of (1.18) satisfies
x(t) = 2" (t) + 2(¢) (1.28)

where x*(t) is a particular solution, and z(¢) is the general solution of the homogeneous
differential equation associated with (1.18), 2 = —a(t)z. Note that this equation clearly is

time separable and we can use (1.23) to obtain the general solution as
2(t) = Ce—la®idt — Cot), w(t) = o= [ ald)dt
The key step in using variation of parameters is to suppose that the particular solution reads
x*(t) = u(t)v(t) = u(t)e—fa(t)dt

where u(t) is an yet to be determined function.

Since this solution should be a particular solution of (1.18), we substitute x*(¢) to obtain

we~Ja®dt _ a(t)u(t)e” Jalt)dt 4 a(t)u(t)e_fa(t)dt = b(1)

& 0 = b(t)el W

11



We reduced the problem to a simple differential equation which has the solution
u(t) = / b(t)e ‘Wt 4 ¢y = z*(t) = eSO / b(t)el “Odt gy

where ¢ is a constant which can be neglected as we need only one particular solution. Thus,

the general solution is given as derived using the integrating factor in (1.27), again

x(t) = e~ J ot (C’ + /ef a(t)dtb(t)dt) (1.29)

Example 1.2.11 (Integral equation) A differential equation always can be written as an
integral equation. For illustration, consider the differential equation & = f(t,x). Separating

terms and integrating both sides yields,

de = f(t,x)dt = /d:c:/f(t,:c)dt
= z(t) = mo—i—/f(t,x)dt

Differentiating with respect to time again using (1.15) yields & = f(t,x). Note this is yet

another form of representation, but not necessarily a solution of the differential equation.

Example 1.2.12 (Intertemporal budget constraint) Consider the dynamic budget con-
straint, a; = a(t) = f(t,a;) = rya; + wy — ¢ given initial wealth ag = a(0) € R. Solving the

differential equation using the integrating factor in (1.27) gives

t
a; = elorsds (ao +/ e o rodS (4, — cu)du)
0

We refer to elomsds gs the discount factor. Collecting terms, we obtain an intuitive economic

interpretation of the intertemporal budget constraint (backward solution),
" ¢ - t .
e~ Jo rsdsat +/ e~ Jo Tsdscudu = ag +/ e—jo rsdswudu
0 0

The sum of the present value of individual wealth and the present value of future consumption

expenditures at time t equal initial wealth and the present value of future income.

Exercise 1.2.13 (Growth at constant rate) Let P, = P(t) denote the size of population
at time t which grows at constant growth rate n. Describe the law of motion for the population

size and solve the associated differential equation. When does the population size double?

12



Example 1.2.14 (Endogenous growth) Let Y; = AK, denote aggregate output where
A € Ry is total factor productivity, K, is the capital stock. The market clearing condition

demands sY; = Kt, thus Kt = sAK,. Separating the variables gives the solution as
K; = Koe't' = Y, = KyAe®™

Both variables the capital stock and aggregate output are growing exponentially at the same

constant rate without imposing an exogenous source of growth.

Reducible differential equations

Only in very special cases, differential equation have solutions given by explicit formu-
las. However, transformation sometimes may convert an apparently complicated differential
equation into one of a familiar type. A well known example is Bernoulli’s equation.
An equation of the type
T+ a(t)r =0b(t)x" (1.30)

where the exponent r is a fixed real number, and where a(t) and b(t) are given continuous
functions is called Bernoulli’s equation or reducible differential equation. Note that if » = 0,
the equation is linear, and if r = 1, it is separable, since & = (b(t) —a(t))z. We now introduce
the following solution technique. Let z(¢) > 0 for all ¢, so that the power z" is always well

defined. Now divide by 2" and introduce the transformation
z=2a'" (1.31)

Observe that Z = (1 — r)z ™"z, and substituting into zz~" + a(t)z'~" = b(t) yields

; Z4a(t)z = b(t) & 2+ (1 —r)a(t)z = (1 —1)b(t)
—r
which is a linear differential equation for z = z(¢). Once z(t) has been found, we simply use
(1.31) to determine x(t), which then is the solution of (1.30).

Exercise 1.2.15 Solve the reducible differential equation dP, = cP;(1 — AP,)dt, known as
Verhulst equation (growth with carrying capacity 1/X, logistic growth) where Ac denotes the

speed of reversion measuring how much the growth rate of P, declines as P; increases.

Remark 1.2.16 For an economic model to be consistent, the equations in that model must
have a solution. If a solution does exist that satisfies the relevant boundary conditions, we
are interested whether the solution is unique. Answers to such questions are provided by

existence and uniqueness theorems (see Sydsater et al. 2005, chap. 5.8).
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1.2.3 Second-order differential equations and systems in the plane

Many economic models are based on differential equations in which second- or higher-order
derivatives appear. The following sections recap second-order differential equations and

systems in the plane before we proceed with linear approximations of nonlinear systems.

Second-order linear differential equations

The general second-order linear differential equation is
Z+a(t)t +b(t)r = f(t) (1.32)
where a(t), b(t), and f(¢) are all continuous functions of ¢. Recall that
Z+a(t)z+b(t)z=0 (1.33)

is the associated homogeneous equation of (1.32). The following theorem suggest that in
order to find the paths z(t) that solve (1.32), i.e. to find its general solution, we have to find

the general solution to (1.33) and a particular solution to (1.32).

Theorem 1.2.17 (cf. Sydseeter et al. 2005, Theorem 6.2.1) The general second-order
linear differential equation (1.32),

4 a(t)i + b(t)z = f(t)

has the general solution
w(t) = 2" (t) + 2(1)

where x*(t) is any particular solution of the nonhomogeneous equation. Further, the function

2(t) solves the associated homogeneous equation with the general solution,
2(t) = c1v1(t) + cava(t)

where vy (t) and vo(t) are two solutions that are not proportional, and ¢y and cy are constants.

For illustration, we consider finding a general solution to the homogeneous equation with
constant coefficients,
i4+at+br=0 (1.34)

where a and b are arbitrary constants, and z(t) is the unknown function. According to

the theorem, finding the general solution of (1.34) requires to discover two solutions vy(t)

14



and vy(t) that are not proportional. Recall that for first-order differential equations with

constant coefficients, the general solution is z(t) = e*C'. A possible solution therefore is
r=eM i=XM o i=\%M
and try adjusting the constant ) in order that x = e satisfies (1.34). Inserting gives

NN+ aedN+beM =0 = MN4+al+b=0 (1.35)

which is the characteristic equation of the differential equation (1.34). This is a quadratic

equation whose two characteristic roots are obtained by solving the quadratic formula,
)\172 = ——= :t a? —

There are three different cases to consider that are replicated in the following theorem.

Theorem 1.2.18 (cf. Sydsaeter et al. 2005, Theorem 6.3.1) The general solution of
T+ar+br=0 1isas follows

(1) If a®> — 4b > 0, there are two distinct real roots,
z(t) = 1M + coe™t,  where Ajp = —= i m

(ii) If a®> — 4b = 0, there is one real double Toot,

x(t) = c1eMt + teye™? where A\ = Mg = —

(1ii) If a* — 4b < 0, there are two conjugate complex Toots,
ot ) 1 1
x(t) = e*(cy cos ft + cosin ft),  where o = —5% 8= 5\/ 4b — a?

for any arbitrary constants c1,cy € R.

Note that although the roots of the characteristic equation are complex for a? < 4b, we
can obtain real-valued solutions in all three cases (cf. Sydseeter et al. 2005). Moreover, we
only have explained how to obtain the general solution to (1.33) which solves the associated
homogeneous equation. But how do we find a particular solution z*(¢)? In fact the method

of undetermined coefficients works in many cases (Sydsaeter et al. 2005, p.229).
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f(t) = Ais a constant

In this case we check to see if (1.32) has a solution that is constant, x* = ¢, ©* = &* = 0,
so the equation reduces to bc = A. Hence, ¢ = A/b for b # 0.

e f(t) is a polynomial of degree n

A reasonable guess is that z*(t) = A,t" + A, 11" ' + ... + Ayt + Ay is also a polyno-
mial of degree n. We then determine the undetermined coefficients A,,, A, _1, ..., Ag by

requiring z*(t) to satisfy (1.32) and equating coefficients of like powers of t.

o f(t) = pe”
A natural choice is 2*(t) = Ae?. Insert the guess and find that if ¢> + aq + b # 0, the
particular solution is z*(t) = p/(¢* + aq + b)e?. If ¢* + ag + b = 0, and we either look

for constants B or C such that Bte? or Ct?e? is a solution.

e f(t)=psinrt+ qcosrt

Let x*(t) = Asinrt + Bcosrt and adjust constants A and B such that the coefficients
of sinrt and cosrt match. If f(t) is itself a solution of the homogeneous equation, then

x*(t) = Atsinrt + Btcosrt is a particular solution for suitable choices of A and B.

Simultaneous equations in the plane

Many dynamic economic models, especially in macroeconomics, involve several unknown
functions that satisfy a number of simultaneous differential equations. Consider the following

system as a special case of the system in vector notation of (1.17),

T = f(t,z,y)

y = f(t2y) 130

A solution of (1.36) is a pair of differentiable functions (z(t), y(t)) satistfying both equations.

For illustration, consider the following system of linear differential equations,

r = a11T + ay + bl (t) (137)
U = ant+ axy + by(t) (1.38)

Note that this two-dimensional system of first-order differential equations can be written as a
one-dimensional second-order differential equation (and vice versa) as follows. Without loss

of generality let ajp # 0 (note that either ajs or ag has to be different from zero, otherwise
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x and y are two isolated systems). Observe that using (1.37),

1 a 1
y = —i—Lp—— bt
a12 Q12 a12
1 a 1.
y = —i-— i —by(t)
a12 Q12 a12

Inserting into (1.38) and collecting terms yields

. 1 1
—— —I— —bl(t) = a1 + a92 (—fL’ — EZL‘ — —g(t)) + bg(t)

a2 a12 a2 a12 a2 12
& x— £CL11 + agg)j’l'f + £CL116L22 — algaglzl’ = :aggbl (t) + a12b2(t) -+ b%
r(A) det(A) b(t)

where we could define a matrix A,

such that
() 0) ()
Y Y ba (1)
is written as the two-dimensional system (1.37) to (1.38) in matrix notation. Thus, we could
solve the second-order differential equation in the usual way. Note that for recursive systems,
where one of the two variables varies independently of the other, the solution techniques can
simply be replaced by a step-by-step procedure.

An alternative approach would be the method of undetermined coefficients based on

eigenvalues. With b; = by = 0, system (1.37) and (1.38) reduces to the homogeneous system

()

M we obtain

A At At
R Y = Al T =T ) s @A T ) =0
Acget coeM Co Co Co

Observe that (c1,c)" is the associated eigenvector of the matrix A with eigenvalue A. The

Using the approach x = c;e? and y = cye
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eigenvalues are the solution of the equation

aj; — A a
1 12 = A — (a1 + an) A + (a11a22 — a12a91) = 0
a1 Az — A

Recall that for eigenvalues A\; and Ay of a two-dimensional matrix the following holds,

/\1/\2 = det(A), /\1+)\2 = tI‘(A)
= A\ = %tr(A)i%\/(tr(A))Q—éldet(A)

similar to the roots of the characteristic equation of second order. For the case in which A
has different real eigenvalues \; and Ay (for (tr(A))? > 4det(A)), then A has two linearly

independent eigenvectors (vi,ve) " and (uy,us)", and the general solution of (1.39) is

( o ) = dyeM? ( i ) + dye?! ( “ ) (1.40)
Y U2 U2

where d; and dy are arbitrary constants.

Exercise 1.2.19 Solve the following system of equations,

()=0) (00

Linear approximation of systems of differential equations
Suppose we have a nonlinear autonomous system of differential equations of the type

T = f(l',y)

y = g(z,y) (141)

Let (x*,y*) an equilibrium point (or an equilibrium state) for the system (1.41),

fleoy) = f@"y")+ Lol y") (@ —2") + f (2", y")(y — ¥7)
9(xy) = g(@"y") + g.(z",y")(x — %) + g,(z", y")(y — ¥")



Because f(z*,y*) = g(z*,y*) =0,

flz,y) = fal@™ ")z + f(2" 9" )y — for™ = fuy
= anr+apy—bh
9, y) ~ go(z"y" ) (@ — %) + gy (z", y") (v — v")

= an T + any + b

It is therefore reasonable to expect that in a neighborhood of (z*,y*), the nonlinear system

(1.41) behaves approximately like the linear system

GARONE

A is the Jacobian matrix of the nonlinear system around the equilibrium state. Note that

by and by imply that (z*,y*) is also an equilibrium point in the linearized system.

Remark 1.2.20 Note that the local dynamics of the nonlinear system can be analyzed using
the linear approzimation as long as A does contain eigenvalues with their real parts different

from zero (Theorem of Hartman-Grobman,).

1.3 Qualitative theory

Literature: Sydseeter et al. (2005, chap. 5.7, 6.4 to 6.9), Wilde (2007, chap. 4.2)

Most kinds of economic models involve differential equations do not have the nice property
that their solutions can be expressed in terms of elementary functions. Nevertheless, often it
is desirable to analyze at least the qualitative behavior of the economic model. The following

sections recap the elementary tools to analyze qualitative properties of differential equations.

1.3.1 Definitions

To shed light on the structure of solutions to differential equations that are not explicitly
available, we shall introduce the following definitions. For simplicity, we restrict our attention
to the two-dimensional case. However, extending the methods for multi-dimensional systems

is straightforward, but involves notationally cumbersome paperwork.

Definition 1.3.1 Consider an autonomous nonlinear system of differential equations,

g = g(z,y) (143)
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An equilibrium point (z*,y*) of the system (1.43) is called locally asymptotically stable, if

any path starting near (x*,y*) tends to (x*,y*) as t — oo, or simply

)
t—o0

t—o0
An equilibrium point (z*,y*) of this system is called globally asymptotically stable, if any

path (wherever it starts) converges to (x*,y*) ast — oo.

For simplicity, we consider the case of an autonomous linear system as in (1.42) which

can actually be thought of as an linearized system around an equilibrium point.

Theorem 1.3.2 (cf. Sydseeter et al. (2005), Theorem 6.6.1) Suppose that |A| # 0.

Then the equilibrium point (x*,y*) for the linear system

Y ) by
15 globally asymptotically stable if and only if

tI'(A) = a1 + a9 < 0, det(A) = a11Q22 — Q12091 > 0

or equivalently, if and only if all eigenvalues of A have negative real parts.

An intuitive explanation can be obtained from the solution (1.40), where each of the
eigenvalues has to be negative in order to ensure global asymptotic stability. If the equilibrium
point is not necessarily globally asymptotically stable, disregarding the case where one or

both eigenvalues are 0, the dynamic behavior quickly can be categorized as follows.

1. If both eigenvalues of A have negative real parts, then (z*, y*) is globally asymptotically

stable (a sink). All solutions converge to the equilibrium point as t — oc.

2. If both eigenvalues of A have positive real parts, then all solutions starting away from

(z*,y*) explode as t increases, and the equilibrium point is a source.

3. If the eigenvalues of A are real with opposite signs, in other words if the determinant
is negative, \; < 0 and Ay > 0, then (z*,y*) is a saddle point. Solutions are either

diverging from or converging to the equilibrium point as t — oo.

4. If the eigenvalues are purely imaginary, i.e. complex eigenvalues with zero real parts
but nonzero imaginary parts, then (z*,y*) is a centre. All solution curves are periodic

with the same period in the form of ellipses or circles.
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Example 1.3.3 Consider the system & = 2y and § = 3z — y with equilibrium point (0,0).
Using f(x,y) = 2y and g(z,y) = 3z — y, the coefficient matriz A is

(54

Because det(A) = —6, i.e. the eigenvalues are real with opposite signs, the equilibrium
point (z*,y*) is a saddle point. The associated eigenvector from the negative eigenvalue is
(ur,us) " = (—=2,3)" which points in the direction of the stable path.

1.3.2 Autonomous equations, phase diagrams and stability

Many differential equations are of the type or can be expressed in the autonomous form
&= F(x(t)) (1.44)

which is a special case of the equation F(t,xz(t)) where F; = 0. We refer to equation (1.44)
as autonomous. To examine the properties of the solution to (1.44), it is useful to study its
phase diagram. This is obtained by plotting & against x in the xz-plane.

An important property of a differential equation is whether it has any equilibrium or
steady states. Moreover, it is also very useful to know whether an equilibrium state is stable.
Once we have obtained an understanding about the dynamics in a phase diagram, often the
dynamics of the corresponding directional diagram (in the tz-plane) are straightforward.

Suppose that a is an equilibrium state for & = F(z), so that F'(a) = 0. If the slope of &
at the equilibrium state is negative, F”'(a) < 0, then F'(z) is positive to the left of x = a and

negative to the right in a close neighborhood. Hence, we can derive the following results,

F(a) = 0 and F'(a) <0 = a is locally asymptotically stable
F(a) = 0 and F'(a) >0 = ais unstable

Example 1.3.4 (Price adjustment mechanism)
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Exercise 1.3.5 [llustrate the phase diagram of the reduced form for Solow’s growth model,
k=sf(k)—0k, f(0)=0, f'(k)>0, f"(k) <OV k>0

where s > 0 and 6 > 0 denote a constant rate of saving and depreciation respectively, in the

kk-plane. Analyze the stability properties in this model.

1.3.3 Phase plane analysis and stability for nonlinear systems

Even when explicit solutions are unavailable, geometric arguments can still shed light on the

structure of the solutions of autonomous systems of differential equations in the plane,

j = g(z,y) (143)

A solution (z(t),y(t)) describes a curve or path in the zy-plane. For autonomous problems,
if (z(t),y(t)) is a solution, then (z(t + a),y(t + a)) is a solution and both solutions have
the same path. Note that (£, ) is uniquely determined at the point (z,y) and two paths in
the xy-plane cannot intersect. The phase plane analysis is concerned with the technique of

studying the behavior of paths in the phase plane.

Vector fields

It follows from (1.45) that the rates of change of z(t) and y(t) are given by f(x,y) and
g(z,y), respectively. In particular if f(z,y) > 0 and g(z,y) > 0, then as t increases, the
system will move from a point P in the zy-plane up and to the right. In fact, the direction
of motion is given by the tangent vector (i(t),y(t)) at P, while the speed of motion is given
by the length of that vector. A family of such vectors, which in practice is only a small
representative sample, is called a vector field. On the basis of the vector field one can draw
paths for the system and thereby the phase diagram of the system.

In general, a point (a,b) where f(a,b) = g(a,b) = 0 is called an equilibrium for system
(1.45). The equilibrium points are the points of intersection of the two curves f(z,y) = 0
and g(x,y) = 0, which are called the nullclines of the system. To draw a phase diagram,
we begin by drawing the two nullclines. At each point on the nullcline f(z,y) = 0 the &

component is 0, and the velocity vector is vertical. It points up if y > 0, and down if y < 0.
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Figure 1.3: Equilibrium point is a sink
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Figure 1.4: Equilibrium point is a source
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Figure 1.5: Equilibrium point is a saddle point

T

T T !
A o NN
//A/A/A//A/IIA]AIAIQIL\\\\\\;\\\\\ o w\\\\»\\\;lf R
-~ N
B e D P S S LT T h \
DG N S P A A m \\\\\\\V////.,
o -~ AU
/////A/A/llllfl.l\\\\\\\ ;o O J S S N
DN N N N P fao] VAV AR A A N U WU |
NN NN W N N e - o oL S .4 VY A A voyov
NN N N NN N o~ w - o, C oy m P [
NN NN NN N~ 9o , Vv Ay A kS) [ ot
NN N N N N N . . RSN oF Foy v v s [
NoNONLN LN N LY R T K= m NN N N R s R e e rot
NN N N v ,///,//,//,/ = N S ’o
lllllll s 7
B N N S S NN N . m N N N~
T S T T B = NN N s T g
' ' ! k : S > N N N N NN =
A S R Y N =) NSNS s s T T
T T TS YN N N N NN\ =
- N~ N NN .
| A A Nej . . = = > - = -
T
[ A R A S A S i s N o
A A = e e e N~ vUL
e e e e e e e e -
A A \\\1\1\!]*|‘I:V/V/V/V/V/V///r/ .Gl.b
[Te) < ™ N — o — a\] [sp) < [To)

\\\\\\\\\-._.___.,.,,/,//
24

\ \ \\\\\\\ﬁ_.——_—-_.—”/v/r/,
VYN N N S N e e e
NN N TR R e e e e e e >
N T

N N et e e i e > S S ]
s T e

D S S S—

\
\

[ R (R I o < ® 0
<

Lo
™ al

1.5%



Similarly, at each point on the nullcline g(x,y) = 0. the y component is 0, and the velocity
vector is horizontal. It points to the right if £ > 0, to the left if < 0.

Exercise 1.3.6 Draw a vector field for the following system describing a model of economic
growth in the (k,c)-plane assuming that k > 0 and ¢ > 0. Suppose the capital stock, k(t),

and consumption, c(t), satisfy the pair of differential equations

k= 2.5k—05k*—c
¢ = (0.625—0.25k)c

Infer a phase diagram with nullclines and divide the phase diagram into appropriate regions.

Important properties about the solutions are obtained by partitioning the phase plane into
regions where we know the direction of increase or decrease of each variable. In particular,
the partition will often indicate whether or not a certain equilibrium point is stable, in the
sense that paths starting near the equilibrium point tend to that point as t — oc.

The Lyapunov theorem (Theorem 1.3.7) now provides us with a tool to analyze local
stability for a nonlinear system of equations. The intuition behind this theorem is again
Hartman-Grobman which can be applied to systems where A has eigenvalues with their real
parts different from zero. If we impose stronger conditions, one may be able to prove global
stability using Olech’s Theorem (Sydsaeter et al. 2005, Theorems 6.8.1 and 6.8.2).

Theorem 1.3.7 (Lyapunov) Suppose that f and g are C' functions (all partial derivatives

up to k =1 exist and are continuous) and let (a,b) be an equilibrium point for the system,

o= f(z,y), 9=g(zvy)

Let A be the Jacobian matriz,

9:(a;b) gy(a,b)

. < fola.b) f(a.D) )

If tr(A) = fu(a,b) + gy(a,b) < 0, and det(A) = f.(a,b)g,(a,b) — fy(a,b)g(a,b) > 0, or if
both eigenvalues of A have negative real parts, then (a,b) is locally asymptotic stable.

Theorem 1.3.8 (Olech)
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1.4

Literature: Kamien and Schwartz (1991, part 1), Sydsaeter et al. (2005, chap. 8)
The calculus of variation has a long history (Euler, Lagrange in the 18th century). In
economics, some first applications were by Ramsey (1928) to an optimal savings problem,

and by Hotelling (1931) to a problem of how to extract a natural resource.

1.4.1

The simplest problem in the calculus of variation takes the form

t1
max/ F(t,z,&)dt subject to x(tg) =z, x(t1)=m1 (1.46)
to
Here, F'is a given well behaved function of three variables, whereas tq and t;, as well as xg
and z; are given numbers. Among all well behaved functions z(t) that satisfy x(tg) = xo
and z(t;) = xy, find one making the integral (1.46) as large as possible.
Already in 1744, Euler proved that a function x(t) can only solve problem (1.46), if x(¢)

satisfies the differential equation,

oF d (OF

called the Fuler equation. Replacing F' with —F does not change the condition. Hence, the
equation is a necessary condition also for solving the corresponding minimization problem.
Note that the term (d/dt)(OF (t,x,&)/0z) denotes the total derivative of OF(t,x, &) with
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respect to t. According to the chain rule,

d (OF\ _ O*F(t,x, ) n O*F(t,x, ) . n O*F(t,x, ) ..
i \oi )~ otoi oxdr | (92)F

Inserting this into the Euler equation (1.47) and rearranging yields

O*F(t,x, ) 82F(t,x,$)x, N c‘?QF(t,:zr,:ic)j _OF 0
D10 020 (00)? o

where Fy; = 0?F(t,x,%)/(0%)?, Fpy = 0*°F(t,x,4)/(020%), Fyy = 0*F(t,z,%)/(0t0t), and
F, = 0F/(0x). Thus, for F;; # 0, the Euler equation is a differential equation of second or-
der, typically does not have an explicit solution. It gives a necessary condition for optimality,
but in general is not sufficient. By analogy with static optimization problems, if F'(¢,x, %)
is concave (convex) in (z, 1), an admissible solution that satisfies the Euler equation solves
the maximization (minimization) problem and ensures optimality.

The first known application of the calculus of variation was the brachistochrone problem
(brachistos - shortest, chronos - time). Given two points A and B in a vertical plane,
the time required for a particle to slide along a curve under the sole influence of gravity
will depend on the shape of the curve. Along which curve does the particle go from A to
B as quick as possible? The following formulation is from Padra 2006, The Beginnings of
variational calculus, and its early relation with numerical methods, Variational Formulations

in Mechanics: Theory and Applications.

Example 1.4.1 (Brachistochrome) Consider the following variational problem where a

particle slides from xzq to x1 under the sole influence of gravity (at gravitational constant g).

14 a2
I(x) = min dt s.t. xz(ty) =x9, x(t;)==x
(@) =min [ [ (t0) = 20, () =

What is the curve traced out by a particle that reaches x1 in the shortest time? Observe that

oF 1 [1+#2 oF i
or 2\ 2923’ 0% (1+42)2gzx

PP _ . oF_ 1 ¥ PP _ 1 +#) - (1 4%)7
otor 7 0xdi 2. /(1 +a2)2qr8 (00)2 (1+3%)y/2gx
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Using the Euler equation (1.47), a necessary condition is

(1+2) —a2(1+2>)7V2 1 i . 1V1+a?
(1+42%)\ 29z T (1+:t2)2g:173x 2 \/2g2° =0
VA F32) - 221 +5%)7V2 0 ] 1
(1+ 2) x+§\/mx:0
1—¢2(1+z2)*1j+1 1 _
(1+ 12) 2 /(1 +i?)x

1
& fz&x+§(1+:i:2) =0
Any curve that follows the Fuler equation is a solution candidate. With two conditions we
force the solution to go between exactly through points (to, xo) and (t1,z1). After some steps,

the solution turns out to be a cycloid equation.

Obtaining the Euler equation

The Euler equation plays a similar role in the calculus of variation as the familiar first-order
condition in static optimization. Its derivation is very instructive and provides some insights
into dynamic optimization. To this end, consider the variational problem (1.46) assuming
that admissible functions are C2. Suppose that z* = x*(t) is an optimal solution to the
problem and let h(t) be any C? function that satisfies the boundary conditions h(ty) = 0,
h(t1) = 0. For each real number a € R, define a perturbed function y(t) = x*(t) + ah(t).

Clearly, y(t) is admissible because it is C?, and satisfies y(tg) = xo and y(t;) = 1.
Let J(z) = t’;l F(t,z,&)dt be the objective function. Because of the hypothesis that z*(t)
is optimal, J(z*) > J(z* 4 ah(t)) for all a € R. If the function h(t) is kept fized, then
J(x* 4+ ah(t)) is a function g(a) of only the single scalar a, given by

ola) = /t " Ry, 9(0)dt = /ttlF(t,:c*(t)+ah(t),:ic*(t)+ah(t))dt

Obviously, g(0) = J(z*) and g(a) < ¢g(0) for all @ € R. Hence the function g has a maximum
at a =0, and d(g(0))/da = 0. This condition allows us to deduce the Euler equation.

Observe that to calculate g’(a) requires differentiating under the integral sign. We apply
Leibnitz’s formula (1.15) to obtain

J'(a) = /t 1 %F(t,x*(t) + ah(t), z*(t) + ah(t))dt
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According to the chain rule,

E%F@wﬂﬂ+aMﬂjﬂﬂ+aMﬂ%:ﬂﬁ@%ﬁ@ﬂﬂ

where F, and F are both evaluated at (t,2* + ah(t), i* + ah(t)). For a = 0, we obtain
t1 .
§0) = [ [Fn) + o) a
to
To proceed, integrate the second term of the integrand by parts (1.10) to get

/t1 Eph(t)dt =

to

t1 t1 d
Em“%i/ L Foh(t)at (1.48)
t0 o dt

tld
:—/‘—&WMt
. i

where we used h(tg) = h(t1) = 0 for the last equality. Hence the foc ¢’(0) = 0 reduces to

MWZATE—%&hwﬁZO

Because this equation must be valid for all functions h(t) that are C? on [fo, ¢;] and that are

zero at ty and tq, it follows that

d
dt
which is a necessary condition for a maximum (minimum) for the variational problem (1.46).
Note that if dF;/dt = 0, we have the familiar first-order condition F, = 0. Alternatively,

integrating over ¢ the Euler equation can be written as

F,——F,=0

t1 t1
muﬁiﬂy:/ Rt 2", i)dt

to to

Optimal savings

The question Ramsey (1928) has addressed is how much investment would be desirable.
High consumption today is in itself preferable, but leads to a low rate of investment which
in turn results in a lower capital stock in the future, thus reducing the possibilities for future
consumption. One must somehow find a way to reconcile the conflict between present and

future consumption. To this end, consider the following example.

Example 1.4.2 (Ramsey problem) Consider an economy where K; = K(t) denotes the
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capital stock, Cy = C(t) consumption, and Y; = Y (t) aggregate output. Suppose that output
Y, = f(Ki) = Cot Key f'(5K0) >0, f'(Ky) <0

1S a strictly increasing, concave function of the capital stock, divided between consumption
C, and investment I, = K,. Let Ko be a historically given capital stock, and suppose there
is a fized planning period [0,T]. For each choice of investment, capital is fully determined
by Ky = Ko + fOT Kds which in turn determines Cy. Assume that the society has a utility
function U = U(Cy). Suppose that U'(Cy) > 0, and U"(Cy) < 0, U is strictly increasing
and strictly concave. Further we introduce a measure of impatience, discounting U by the

rt

discount factor e=". The variational problem then reads

maX/T eU(f(K,) — Ky)dt st K(0) =Ky, K(T)=Kr
0

where some terminal condition K(T') is imposed.

Example 1.4.3 (Optimal saving) Suppose that an individual instantaneous utility is u(c;)

where u'(¢;) > 0, and u”(¢;) < 0. The household mazximizes discounted utility,

t1

max/ e u(e)dt  s.t. ray+w; =c +a;, alty) = ao, a(ty) = a
to

p > 0 is the subjective rate of time preference, a; denotes individual wealth rewarded at the

constant interest rate r, and the constant labor supply rewarded at exogenous wage rate wy.

Note that a; can also be negative (then the household borrows at the interest rate r).

Substituting the budget constraint into the objective function gives

t1

max/ e Pu(ra; +w; — ag)dt, alty) = ag, a(ty) = a
to

To use the Euler equation, we use partial derivatives, F, = e P/ (¢i)r, and F, = —e 'u'(¢y).

Hence we obtain from (1.47),

F,=dF,/dt < e "' (c;)r = d(—e "/ (c))/dt

= pe "/ (c;) — e P () ¢y

1 "
&S r—p = v (Ct)c't, where _ )

u'(c)

Note that u”(c)/u'(c) can be interpreted as the instantaneous growth rate of u'(c). Because

F(t,a,a) is concave, the Euler equation is a sufficient condition for optimality.
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Special cases

Euler equations in general are difficult to solve. There are important special cases, however,

where the problem reduces substantially.

1. objective function (the integrand) does not depend on x explicitly, that is F(¢, )

2. the integrand does not depend on t explicitly, that is F'(z, &)

In both cases, the problem reduces to solving a first-order differential equation which, in

general, is easier to handle than the usual second-order Euler equation.

Exercise 1.4.4 Characterize the possible solutions to the variational problem
T
max/ (3% — ti*)dt st. x(1) =21, 2(T) = o7
1
Exercise 1.4.5 Characterize the possible solutions to the variational problem
T
min/ xV1+a2dt st x(0) =xg, x(T) =ar
0

1.4.2

So far, boundary values of the unknown function have been fixed. In economic applications
the initial point is usually fixed because it represents a historically given situation. However,
the terminal value can be free, or subject to more general restrictions. In what follows we
review two most common terminal conditions that appear in economic models.

The two problems can be formulated as

t1
maX/ F(t,z,2)dt s.t. xz(ty) = xo, x(t1) free (1.49)
to
and .
max/ F(tyx,&)dt st. xz(ty) = xo, x(t1) > 21 (1.50)

to
Again, F is a given well behaved function of three variables, whereas ¢y and ¢, as well as xg
are given numbers. Among all well behaved functions z(t) that satisfy z(tg) = x¢ and x(t;)
satisfying either terminal condition, find one making the integral (1.46) as large as possible.
An important observation is that an optimal solution to either of the two problems must
satisfy the Euler equation. Suppose x* solves either problem. The condition z*(tg) = zg

places one restriction on the constants in the general solution of the Euler equation. A
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so called transversality condition is needed to determine the other constant. The relevant

condition is given in the following theorem (Sydsaeter et al. 2005, Theorem 8.5.1).

Theorem 1.4.6 (Transversality conditions) Ifx*(t) solves the variational problem with
either (1.49) or (1.50) as the terminal condition then x*(t) must satisfy the Euler equation
(1.47). For x(t1) free the transversality condition is

(Fi'>t=t1 = 0
With the terminal condition x(t;) > 0, the transversality condition is
(Fi)my, <0, (Fi)imy, =0 df 2%(t1) > a1
If F(t,x, &) is concave in (z, ), then any admissible x*(t) satisfying both the Euler equation
and the appropriate transversality condition will solve the problem (1.49) or (1.50).
Obtaining the transversality condition
Recall that an optimality condition for deriving the Euler equation from (1.48) was

/tl Eh(t)dt =

to

t1 t1 d
Fuh(t) — / L phtdt
to to dt

The first term of the right-hand side vanishes only if we demand that h(t;) = 0. However,

we now allow for solutions where }i;th # 0, because h(t;) # 0. Hence, we obtain

t1 . t1 d
W dt

to

As a result, the first-order condition becomes

g9'(0) = /t:l [F —~ %ch] h(t)dt + Fih(t;) =0

which must be valid for all functions h(t) that are C? on [ty,t;]. In that the Euler equation
has to be augmented by the transversality condition F(t1,x,4) = 0. Intuitively, a change

in the variable & at the time ¢; should not lead to an increase in the objective function.

Exercise 1.4.7 (Atkinson’s pensioner) Let a(t) denote a pensioner’s wealth at time t,

and let w be the (constant) pension income. Suppose that the person can borrow and save at
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the same constant interest rate r. Consumption per unit of time at time t s
Cp=Ta+ W — a4y

Suppose the pensioner plans consumption from t = 0 until the expected time of death T' such

as to maximize .
max/ e Pu(c)dt  s.t. a(0) =ag, a(T) > ar
0

where u is a utility function with v’ > 0, u” < 0, and p is a discount rate (see Atkinson 1971).

Characterize the possible solutions.

Other extensions such as problems with variable final time, infinite horizon, or several

unknown functions will be dealt using the more general control theory.

1.5 Control theory

Literature: Kamien and Schwartz (1991, part 2), Sydsaeter et al. (2005, chap. 9,10)
Optimal control theory often is able to solve complicated structured problems. It is a modern

extension of the classical calculus of variation and goes back to Pontryagin et al. (1962).

1.5.1 Maximum principle

Consider a system whose state at time ¢ is characterized by a number z(), the state variable.
The process that controls x(t) at least partially is called a control function wu(t). In what
follows, we assume that the rate of change of x(¢) depends on t, z(t), and wu(t). The state at

some initial point t, is typically known, z(tg) = xo. Hence, the basic problem reads,

max/t 1 ft,x(t),u(t)dt st. @=g(t,z(t),u(t)), xz(ts) = o (1.51)

Note that the variational problem is given for & = ¢(¢,z(t),u(t)) = wu(t). By choosing
different control functions u(t), the system can be steered along many different paths, not all
of which are equally desirable. As usual we therefore define an objective function, which is
the integral J = ﬂ: f(t,z(t),u(t))dt. Certain restrictions are often placed on the final state
x(t1). Moreover, the time ¢; at which the process stops is not necessarily fixed. Among all
admissible pairs (z(t),u(t)) that obey the differential equation in (1.51) with x(¢y) = x¢ and
that satisfy the constraints imposed on x(¢1), find one that maximizes the objective function

in (1.51), i.e. find the optimal pair.
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We introduce a function A = A(t) associated with the constraint (or transition equation)
for each ¢ in [to,t;1]. We refer to this function as the adjoint function (or costate variable)
associated with the differential equation. Corresponding to the Lagrangian function is the
Hamiltonian H. For each time ¢ in [tg, t;] and each possible triple (x,u, ), of the state,

control, and adjoint variables, the Hamiltonian is defined by

The maxzimum principle gives necessary conditions for optimality, similar to the Euler
equation (including all necessary conditions emerging from the classical theory), for a wide
range of dynamic optimization problems. Suppose that (z*(t),u*(¢)) is an optimal pair for
the problem (1.51). Then there exists a continuous function and piecewise differentiable
function A(¢) such that, for all ¢ in [to, 1] (Sydseeter et al. 2005, Theorem 9.2.1),

u = u*(t) maximizes H(t,z*(t),u,\(t)) for wu € (—o00,00) (1.53)
MNt) = —H,(t,z*(t),u*(t), A1), At) =0

The requirement that A(t1) = 0 is called transversality condition. It tells us that in the case

where z(t;) is free, the adjoint variable vanishes at t;. If the requirement
H(t,x,u, \(t)) is concave in (z,u) for each t € [to,1]

is added we obtain sufficient conditions (Sydseaeter et al. 2005, Theorem 9.2.2). In a way,
changing u(t) on a small interval causes f(f,x,u) to change immediately. Moreover, at the
end of this interval z(¢) has changed and this change is transmitted throughout the remaining
time interval. In order to steer the process optimally, the choice of u(t) at each instant of
time must anticipate the future changes in z(¢). In short, we have to plan ahead or have
to be forward looking. In a certain sense, the adjoint equation takes care of this need for
forward planning, A(t) = [ H,(s,2*(s), u*(s), \*(s))ds.

Since the control region is (—o00, ), a necessary condition for (1.53) is that
H,(t,z*(t),u"(t),A\(t)) =0

If H(t,z(t),u, A(t)) is concave in u, it is also sufficient for the maximum condition (1.53) to
hold, because an interior stationary point for a concave function is (globally) optimal.

To summarize, necessary conditions for an optimal solution to the control problem (1.51)
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are obtained defining the Hamiltonian H (¢, z,u, \) = f(t,z,u)+ A(t)g(t, z,u) which requires

H, = 0 (1.55)
H, = —\ (1.56)
H, = i (1.57)

For a maximum, the necessary conditions are sufficient for optimality if f and g are concave
in (z,u), respectively and A\(¢) > 0. Similarly for a minimum, if f is concave, g is convex in

(x,u) and A < 0, the necessary conditions are sufficient.

Example 1.5.1 Consider the variational problem

t1
maX/ flt,x,@)dt  s.t. z(0) =z
Jto

(

Using u = &, it becomes a control problem. The Hamiltonian is H = f(t,z,u) + A\u, and

H, = fu+X=0
Hy, = fo=-\

are the first-order conditions. Hence, f, = f; and therefore f; = —\. As a result,
: d d
f',[:f)\:f )\:—fi
dt dt
which is the Euler equation of the variational problem. Moreover, 0 = \(t1) = —f; is the
transversality condition. Assuming that f is a C? function, if the Hamiltonian attains its

mazximum at u*(t), not only is H, = 0, but also H,, <0, implying that fi; < 0 which is the

)

Legendre condition in the calculus of variation.

Obtaining the maximum principle

Consider the control problem (1.51) assuming that admissible functions are C*. Because the
constraint is a differential equation on the interval [to,?;], it can be regarded as an infinite
number of equality constraints, one for each time ¢. Economists usually incorporate equality
constraints by forming a Lagrangian function, with a Lagrange multiplier corresponding to

each constraint. Thus, the problem can be written as

max /f 1 (f(t,z(t),u(t) = At) [& — gt z(t), u(t))])dt  s.t. z(to) =z

20]
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Observing that integration by parts (1.12) gives,

/ MO = M)zt — Ato)z(to) — / CA()x(t)dt

to to

we obtain

max /tl (f(t,a:, u) + Ag(t,x,u) + )\x) dt + Nto)x(to) — At1)x(ty) s.t. x(to) = xo

to

Suppose that u* = u*(¢) is an optimal control, and let h(t) be any C? function. For each real
number a € R, let y(t) = u*(t) + ah(t) be an admissible control and z(¢, a) be the admissible
state variable that satisfies the constraint & = ¢(¢,z,y) and initial condition, x(ty) = 0.
Note that for any given control, u(t), & = g(t, x,u) is a first-order differential equation which
solution depends on an arbitrary constant. This constant is given by the initial condition
x(tp) = o, which in general forces a unique solution z(t, a) for a given control y(¢). Keeping

u* and h fixed, we solve our problem by maximizing J(a) with respect to a,
t1 .
J(a) = / (f(t,a:(t, a),u(t) + ah(t)) + A(t)g(t, z(t,a),u”(t) + ah(t)) + \x(t, a))dt
to
—f-)\(to)l‘(to, a) — )\(tl)l‘(tl, a)

The initial condition is given by A(to)x(to, a) = A(to)xo Va. The first-order condition reads

J/(a) - /; 1 <(fw + )‘(t)ga: + j‘)xa + (fu + )‘(t)gu)h(t)> dt — )\(tl)xa(tla 0) =0

Observe that the condition is satisfied if

(a) A(t) solves the first-order differential equation
A+ A1) ge + fo =0
with terminal condition is A(t;) = 0,

(b> and fu +Agu =0

Of course, by construction the constraint & = g¢(t,z,u) must hold. Finally, defining the
Hamiltonian H (¢, z,u, \) = f(t,z,u) + A(t)g(t, x,u) gives the necessary conditions of the
maximum principle (1.55) to (1.57), together with conditions x(ty) = x¢ and A(¢;) = 0. For

a maximum (minimum) we have that H,, <0 (Hy, > 0).

36



1.5.2 Regularity conditions

In many applications of control theory to economics, the control function are explicitly or
implicitly restricted in various ways. In general, assume that u(t) takes values in a fixed
subset U of the reals, called control region. An important aspect of control theory is that

u(t) can take values at the boundary of U. One example are bang-bang controls

u(t):{1 for t € [to,t]

0 for te(t t]

which involve a single shift at time ¢’. In this case u(t) is piecewise continuous, with a jump
discontinuity at ¢ = t’. A function is piecewise continuous if it has at most a finite number of
discontinuities on each finite interval, with finite jumps at each point of discontinuity. The
value of a control u(t) at a point of discontinuity will not be of any importance, but let us
agree to choose the value of u(t) at a point of discontinuity ¢ as the left-hand limit of u(t)
at t'. Then u(t) will be left-continuous which will be implicitly assumed.

A solution to a control problem where u = wu(t) has discontinuities is a continuous function
that has a derivative that satisfies the equation, except at points where wu(t) is discontinuous.
The graph of z(t) will, in general, have kinks at the points of discontinuity of u(t), and will
usually not be differentiable at these kinks. It is, however, still continuous at the kinks.

So far no restrictions have been placed on the functions g(¢, z,u) and f(¢,z,u). In general,
we implicitly assume that both functions are of class C*, that is f, g, and their first-order

partial derivatives with respect to « and w are continuous in (¢, z, u).

1.5.3 Standard end constraint problems

The standard end constrained problem imposes one of the following terminal conditions,
(a) x(t1) = z1, (b)) x(ty) = 21, (c) x(t1) free

It can be shown that the necessary conditions for optimality are the same as for the basic

control problem, but the transversality condition is either
(a") Mtq) free (V') A(t1) >0, (with X(t1) = 0if 2*(t1) > x1) (') Mt1) =0 (1.58)

Exercise 1.5.2 (Optimal consumption) Solve the following control problem
T
/ u(e)dt st ap=ra;—c, a(0) =ap, a(T) >0
0
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where r denotes the constant rental rate of capital. Suppose that v’ > 0, u” < 0 is strictly

concave and assume that c(t) > 0 so that the control region is (0,00).

Exercise 1.5.3 (Bang-bang)

1.5.4 Variable final time

In the optimal control problems studied so far the time interval has been fixed. Yet for some
control problems in economics, the final time is a variable to be chosen optimally, along the
path wu(t), t € [to,t1]. A variable final time problem is for example

t

1
max [ f(ta®u(O)dr st @ =glta®.u®). o) =z (159)
u,tq to
The maximum principle with variable final time then states that all necessary conditions
hold, and, in addition (Sydsaeter et al. 2005, Theorem 9.8.1)
H(t7, 2" (t1), u™(2), A7) = 0

Basically, one additional unknown is determined by one extra condition. Hence, the method
for solving variable final time problems is first to solve the problem with fixed ¢; for every
t1 > to. The optimal final time ¢; must then satisfy the additional restriction. Note that

concavity of the Hamiltonian in (x,u) is not sufficient for optimality when ¢; is free.

Exercise 1.5.4 (Hotelling’s rule)
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This example builds on Hotelling (1931).

1.5.5 Current value formulations

Many control problems in economics have the following structure

max/ 1 eI f(t a(t), u(t))dt st &= g(t,z(t),u)), z(t) =z (1.60)

to

The new feature is the explicit appearance of the discount factor e~ =) For such problems
it is often convenient to formulate the maximum principle in a slightly different form. The
usual Hamiltonian is H = e~ f (¢, 2 u) + A(t)g(t, x, ). Multiply by e®%)" to obtain the
current value Hamiltonian, H® = He0)" = f(t,2,u) + e \(t)g(t, z,u). Introducing

m(t) = e®)"\(t) as the current value (not discounted) shadow price for the problem,
Hc(t7 x? u? m) = f(t7 x? u) + m(t)g(t7 x? u)
In fact, the maximum principle comprises (Sydszter et al. 2005, Theorem 9.9.1)

u = u*(t) maximizes H(t,z"(t),u,m(t)) for welU
m(t) = rm(t) — H

with transversality conditions
(a") m(ty) free (V') m(ty) >0 (with m(t1) = 0if 2*(¢1) > x1) () m(t1) =0  (1.61)

similar to the standard end constrained as in (1.58).

Exercise 1.5.5 Solve the following control problem
20 .
max/ e 0P 4K —u?)dt st. K =—025K +u, K(0)= K, K(20) free
0

where u > 0 denotes the repair effort and K(t) the value of a machine, 4K — u? is the

—0.25¢

instantaneous net profit at time t, and e is the discount factor.
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1.5.6 Infinite horizon

Most of the optimal growth models appearing in literature have an infinite time horizon.
This assumption often does simplify formulas and conclusions, though at the expense of
some new mathematical problems that need to be sorted out. A typical infinite horizon

optimal control problem takes the form

max /OO e f(t a(t), u(t))dt st @ = g(t,x(t),ut)), x(ty) =z (1.62)

to

Often no condition is placed on z(t) as t — oo, but many problems do impose the constraint

lim z(t) > x;, = €R

t—o0

Because of the presence of the discount factor, it is convenient to use the current value

formulation with the current value Hamiltonian,
Hc(t7 x? u? m) = f(t7 x? u) + m(t)g(t7 x? u)

and m(t) as the current value shadow price. From the maximum principle, it can be shown
that sufficient conditions are as follows (Sydseeter et al. 2005, Theorem 9.11.1)

) uw = u'(t) maximizes H(t,z*(t),u,m(t)) for welU
b)  m(t) = rm(t) — H;
) HS(t,z,u,m(t)) is concave with respect to (z,u)

d) lim m(t)e” " [z(t) — 2*(t)] > 0 for all admissible x(t)

t—o00

Other necessary conditions where a certain growth condition replaces the transversality
condition are in Sydsseter et al. (2005, Theorem 9.11.2).

Remark 1.5.6 (Malinvaud) Note that the inequality (d) must be shown for all admissible
x(t), which often is problematic. The following conditions are equivalent to (d) for the case
where the terminal condition is limy_, x(t) > x1 (Michel 1982, Sydseter et al. 2005),

(A) tlim m(t)e "z, — 2" ()] >0
(B) there is a number M such that |m(t)e™""| < M for all t > t,
(C) there is a number s such that m(t) >0 for allt > s

Suppose that x(t) > x1 for allt. Then it suffices to check conditions (A) and (C). This result
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15 referred to as the Malinvaud transversality condition.

Exercise 1.5.7 (Infinite horizon) Consider the control problem

max/ —u’e "dt st. =wue ™, x(0)=0, limz(t)>K, u€R
0

t—o0

The constants r, a, and K are positive, with a > r/2. Find the optimal solution.

1.5.7 Several control and state variables

As we show below, most of the results obtained by studying control problems with only
one state and one control variable can be generalized to control problems with an arbitrary
number of state and control variables.

The standard problem is to find for fixed values of ¢, and ¢; a pair of vector functions
(x(t),u(t)) = ((x1(t), ..., 2o ()T, (ur(t), ..., ur(t)) ) on [to, 1], which maximizes the objective

function
max/tl ft,o@),ult) st. @=gt,z@),ult), zt)=2", i=1,...n

where & = g(t, z(t), u(t)) = (g1, z(t), u(t)), ..., gu(t, 2(t), u(t))) ", satisfying initial conditions

2% = (29,...,29)T € R", the terminal conditions

“ey n

(a) z(tl) = .Z'Z-l, 1= 1, ,l
(b) xi(ty) >}, i=1+1,...m (1.63)
(¢) xi(ty) free, i=m+1,..,n

8

and the control region, u(t) = (uy(t),...,u.(t))" € U C R" where U is a given set in R". Any
pair (x(t), u(t)) is admissible if u;(t), ..., u,(t) are all piecewise continuous, u(t) takes values in
U and xz(t) is the corresponding continuous and piecewise differentiable vector function that
satisfies the dynamic constraints as well as initial and terminal conditions. The functions f
and g = (g1, ...,gn) " are C! with respect to the n + r + 1 variables.

The Hamiltonian H(t,z,u, \), with A = (A, ..., \,) T, is then defined by

H(t,w,u,\) = [t 0) + ATg(tm,u) = [(Le,w) + > Ngalt, 2, 1)
i=1
The mazimum principle then reads as follows (Sydsaeter et al. 2005, Theorem 10.1.1).

Suppose that (z*(t),u*(t)) is an optimal pair for the standard end constrained problem.
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Then there exists a continuous and piecewise differentiable function A\(t) = (A(t), ..., \,(£))"
such that for all ¢ in [t, t1]

uw = u(t) maximizes H(t,z*(t),u*(t)) for welU (1.64)
N o= —H, (t,z*(t),u (), A1), i=1,..,n (1.65)

Corresponding to the terminal conditions (1.63), one has the transversality conditions,

(@) Ai(ty) free i=1,..1
(¢) Ni(t1)=0 i=m+1,...n

For sufficient conditions see e.g. Sydsaeter et al. (2005, Theorems 10.1.2 and 10.1.3).

Exercise 1.5.8 (Optimal resource depletion) Consider an economy using an exhaustible

resource, Ry = R(t), as an input factor to produce output,
Y, = R?Ktl*a, 0<a<l1, K(0)=Kp

where Ky = K (t) is the aggregate capital stock. Capital is accumulated if net investment is

positive, that is total output exceeds aggregate consumption, Cy = C(t),
[tE[(t):Kt:K_Ct

Let Xy = X(t) be the amount of the resource in a reservoir at time t, and X (0) = Xy. Sup-
pose the planner intends to consume all stocks completely, X(T) = K(T) = 0, to mazimize

the utility U = fOT InCyds. Find the optimal paths for consumption and resource depletion.
This exercise builds on Dasgupta and Heal (1974).

Exercise 1.5.9 (Ramsey problem with pollution) Suppose a benevolent planner seeks

to mazimize utility of the society,
maX/ e P [u(Cy) — P dt, ~v>0,
0

subject to P, = AK; + nC;, K, = AK, — C,, K, given. Here, U(C}) is the instantaneous
utility enjoyed by the society from consuming Cy, whereas P; is the pollution level at time t.

The model parameters p,n, A > 0 are constants. Assume further that v’ > 0,u” < 0.

(a) Find the optimal growth rate of consumption C}.
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(b) Use log-utility, u(Cy) = InC} to compute the optimal control Cy and the related level
of pollution P} for the case where v = 0. Under which conditions is the problem well
defined (boundedness condition)?

(¢) Under which condition could you resign from your job (give up your responsibility)

without making anyone less happy than before?

1.6 Dynamic programming

Literature: Kamien and Schwartz (1991, chap. 2.21), Wélde (2007, chap. 3,6)
This chapter gives a brief introduction to continuous-time dynamic programming, showing
how to solve optimization problems using dynamic programming methods. A typical problem

to be tackled by dynamic programming takes the form of a control problem,
max/ e o PO (), u(t))dt st &= g(t,z(t), u(t), x(ty) = xo (1.66)
to

where we are focusing on infinite horizon models throughout the chapter. Suppose that

(z*(t),u*(t)) is an optimal pair among the admissible pairs for the problem (1.66).

1.6.1 Bellman’s principle

We define the (optimal) value function at time ¢, by

V(to, z(to)) = / e iyt Flt, (), u* (b)) dt (1.67)
to
Note that the value function does not depend on the control. The reason is, as it will become
clear below, that the optimal controls u*(t) will depend on z(¢). In the optimum the controls
are a function of the state variables.
Solving the control problem (1.67) using dynamic programming essentially requires a
three-step procedure (Wélde 2007, chap. 6). As a first step, similar to the Euler equation or

the maximum principle, a necessary condition for optimality is

p(to)V (to, x(to)) = max {f(to, x(to), u(to)) + %V(to, x(to))} (1.68)

to which we refer as the Bellman equation or sometimes called the fundamental equation of
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dynamic programming. As a corollary, the first-order condition is

0 (d
fu(th IL‘(to), U(to)) + % (ﬁV(fQ,l’(fQ))) =0
where in both equations using dV (o, z(to)) = Vidt + V,dx,

d .
%V(to,ﬂf(to)) =Vi+Vai = Vi+ g(to, z(to), ulto)) Ve

As the value function does not depend on the control, the first-order condition simplifies to

fu(to, z(to), u(to)) + gulto, x(to), ulto))Ve = 0 (1.69)

In a second step, we determine the evolution of the costate variable, defined as the law
of motion of the partial derivative of the value function with respect to the state variable.

Using the maximized Bellman equation we obtain

pto)Ve = falto, 2o, u(z(to))) + Vie + galto, 2(t0), u(to))Ve + Vol

Observing that the time-derivative of the costate is

d
a%(toy x(to)) = Vit + Vau

we insert this into (1.70) to obtain
Voo = (p=g)Va— [ (1.71)

which describes the evolution of the costate variable, the shadow price of the state variable.

As the final step we use the time-derivative of the first-order condition (1.69),

substituting V, by the expression in (1.71), and the costate V, using the first-order condition

(1.69) to obtain a generalized Fuler equation,
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Example 1.6.1 [sing the standard variational problem, v = &, and p = 0 it simplifies to
fi:/ + fi:;(‘j‘ + ]LIII - fz =0
which is the familiar Euler equation in (1.47).

Exercise 1.6.2 (Optimal consumption) Solve the infinite horizon control problem,
max/ e Pule(t))dt st. a=ra+w—-c, alty)=ap
0

where p,r,w are positive constants. Suppose that u' > 0, u” < 0 is strictly concave and

assume that c(t) > 0 so that the control region is (0, 00).

Obtaining the Bellman equation

The heuristic derivation of the Bellman equation is very instructive and provides insights into
dynamic optimization. It shows Bellman’s trick to simplify the multi-dimensional problem
of choosing a complete path of optimal controls, to a one-dimensional problem of choosing
the optimal control in the initial period (Chang 1988, Sennewald and Walde 2006). Consider
the control problem (1.66) assuming that admissible functions are C'*. Suppose further that

an optimal process u* = u*(t) exists. For small A > 0, and p(¢) > 0 we may write

‘to+h .t L
V(to, x(to)) = / el PO F (4 (1), ur (1)) di
J o
to+h

e I ,>(s)(/s/ (,,7.1.10\/1/)(51){]’“‘/‘(/,;l“>::</>,'Z[*</>>(]/,

to+h

~00 N (s)ds p “ * . . .
The term .//,:1/1 e~ Jign () f(t,x*(t),u*(t))dt simply denotes the value of the optimal pro-

gram at t = tg + h. Hence, for any control u(t) with ¢t > tq + h,

/k e Jron ’)(s)(/sf(f. x(t),u(t))dt < V(tg+ h,z(to + h))

to+h
with equality for the optimal pair (z*(t),u*(t)). Therefore,

to+h N toth N g
0 = / e Jio /’stf(f. ¥ (t), u*(t))dt + e Jig  Pls)ds V(to+ h,z(to + h)) — V(to, z(to))

J to
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Dividing by h and let h — 0 (from above), the equation becomes

1 to+h B ‘
0 = ;“”3> 7 / o JioPle ds[(/,, ¥ (t), u*(t))dt
R
1 toth N goo N
+ }]irj(l] 5 ((—': Jig ™" pls)dsy, (to + h,x(tg + h)) — V(to, .17(/,0))> (1.73)

-to+h
The last term is the derivative of e~ i ”(‘“)({‘Wf(lro + h,z(to + h)) with respect to h,

. Lh to+h
S PO (404 b (b £ h)) = —plte + h)e o PO (10 4 R w(to + )

toth 1
=g ple)ds € -V (to+ B, w(to + b))

where LV (to + h, z(to + h)) for h = 0 is equal to £V (¢, z(to)). Similarly, the first term is

the derivative of /[ oth Jig P4 )dsf(f r*(t), u* (f))(lf with respect to h, which for h = 0 is

(] to+h e "/(H

i e o PO (), uF () dt = e o POt + b at(to 4+ h), ut(to + )
= f(to,z"(to), u"(to))

to

Therefore, we may rewrite (1.73) as

which is the maximized Bellman equation (1.68).

Obtaining the Bellman equation II

The second heuristic derivation is an application of the Leibnitz formula (1.15) which sheds
light on the economic content of the Bellman equation (as taken from Walde 2007, chap. 6).

Given the control problem in (1.66), we may define a criterion function,

U(t, z(t), u(t)) = /t h e~ P £ 2 (1), u(r))dr

simply denoting the value of a given program at time ¢. Its time-derivative reads,

%U(t, z(t),u(t)) = —e ftt”(s)dsf(t, x(t), u(t)) + /00 % (e*f[”(s)dsf(r,a:(T),u(T))) dr

t

= —f(tx(t), u(t) + p(U(t, x(t), u(t))
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Observe that )
St 2(@), u(t) + U, x(t), u(t))
p(t)

denotes the present value of an perpetuity (periodic payment continuing indefinitely). These

U(t,(t),u(t)) =

periodic payments consists of the instantaneous payment f(¢,z(t), u(t)), say instantaneous
utility, plus the present value of a perpetuity that reflects the change in the periodic payment,
where future payments are discounted at the rate p(¢). Considering the optimal control u*(t),

U(t) denotes the value of the optimal program, V(¢,2*(¢)). Collecting terms we obtain

pV (L, 2™ () = [t 27(1),w" (1)) + %V(t z*(1))

which corresponds to the Bellman equation (1.68).

Remark 1.6.3 (Costate variables) From (1.71), the evolution of the costate is

Consider the present value Hamiltonian without explicit discounting (p = 0). The shadow
price A(t) solves
A+ At)ge + fo =0

which is the evolution of the costate in the dynamic programming approach where V,, = \(t).

For the current value Hamiltonian (p > 0), the shadow price m(t) solves
1+ m(t)g, + fo = pm(t)
which gives the costate as the current value (not discounted) shadow price V,, = m(t).

Remark 1.6.4 (Infinite horizon) Solving the differential equation

U(t, x(t), ut)) — p()U(t, x(t), u(t)) = = f(t, 2(t), u(t))

requiTes
lim e~/ PO, 2(T), u(T)) = 0

T—o00

to obtain the criterion function,

Ult,z(t),u(t)) = / b e~ IO PO (e a(7), u(r))dr

t
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Remark 1.6.5 (Transversality condition) Often the limiting inequality in the dynamic
programming approach is written as (Sennewald 2007, Theorem 4)

lim e ”V(t,z(t)) >0 and lime ?V(t,2*(t)) =0, p>0

t—oo t—o0
for all admissible x(t), which replaces the transversality condition as a sufficient condition.

Remark 1.6.6 (Boundedness condition) By considering infinite horizon problems as in
(1.62) or (1.66), we implicitly assume that the integral

Utta(t)ult) = [ e P o), u(r)ir
t
converges for all admissible pairs (x(t),u(t)). This assumption has to be checked after having
found an optimal control u*(t). Typically certain growth restrictions emerge ensuring that

the integral indeed is bounded, to which we refer as the boundedness conditions.

1.6.2 The envelope theorem

In order to understand the independence of the Bellman equation to the control variable, it

is instructive to consider the following theorem (Wilde 2007, Theorem 1).

Theorem 1.6.7 (Envelope theorem) Suppose g(z,u) is a C' function. Choose u such
that g(x,u) is mazimized for a given x, assuming that an interior solution exists. Let f(x)

be the resulting function of x,

f(a) = maxg(z, u)

Then, the deriwvative of f with respect to x equals the partial derivative of g with respect to

x, if g is evaluated at u = u(x) that maximizes g(z,u),

S 5w) = gl w)

u=u(x)
Proof. Consider the function f(z) = f(x,u(x)). If u = u(z) is a maximum point of g(z,u),

0 0

u=u(x) u=u(x)

because g, = 0 at u = u(x) is a necessary condition to maximize g(x,u) for a given z. m

Exercise 1.6.8 (Envelope theorem) Let a benevolent planner mazimize the social welfare

function U(A, B), where A and B are consumption goods. The technologies are A = A(cL ),
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B = B(Lpg), and the economy’s resource constraint is Ly + Lg = 1. Solve the problem of

the optimal allocation of labor to the sectors,

max {U(A(cLa), B(Lp))} st. Lp=1—1Lx

La,Lp
Study the effects of an increase in the technology parameter ¢ on social welfare
(a) without using the Envelope theorem

(b) using the Envelope theorem

Exercise 1.6.9 (Capital adjustment costs) Solve the optimal control problem of a firm

with capital adjustment costs,
maX/ eirt (F(Kt> — @(It)) dt s.t. Kt = It — (SKt, K(O) = KO
0

Assume the production function to be strictly concave, F' > 0 and F" < 0. If the firm

accumulates capital, it faces quadratic adjustment costs of ®(I;) = vl; + I2/2, where v > 0.

1.6.3 Several control and state variables

Because using dynamic programming tackles control problems, extensions such as several
control and state variables do not pose new conceptional challenges, however, involve more

cumbersome notation. Let us briefly consider the infinite horizon problem,

max/ e~ f(t x(t), u(t))dt st @ =g(t,z(t),ut), x(ty) =z (1.74)
to

where (x(t), u(t)) = ((21(t), ..., 2o ()7, (us(t), ..., u,(t)) ") is a pair of vector functions defined
o [fo,00), satisfying & = g(t. 2(t),u(t)) = (gu(t, (1), u(t)). . gu(t, 2(t). u(t))), and initial
conditions z° = (29, ...,2%) € R", and the control region u(t) = (uy(t),...,u.(t))T € U CR".

As a first step, the Bellman equation reads

pV (to, z(ty)) = max {f(to, z(to), u(to)) + %V(to, x(to))} (1.75)

where

d
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Observe that we have r first-order conditions, for 1 =1, ...,r

0 0 0
0 = auif(tO’ :L‘(to), u(tO)) + Vm a—uigl + ...+ ana—ulgn

The second step is to obtain the evolution of n costate variables. For this we use the

maximized Bellman equation, for j =1,...,n
. . 0 0
PV, = oy, alte), u(w(t0))) + Vi, + Varay 1 + v+ Vi & Ve 51 + o Vo5
l’j al'j
Observing that the total derivative of the costate of variable j = 1,...,n is

d
%‘/zj (t07 .%'(to)) = ‘/txj + ‘/11zjjjl + ...+ ‘/znz]xn

we obtain
Ve, = pVa, — fu; — Vmigl — = Vxnign
Ox; Ox;

describing the evolution of the costate variable j, the shadow price of the state variable j.

As the final step we use the time-derivatives of r first-order conditions, substituting ij
and again the r first-order conditions to substitute costates V. to obtain Euler equations for
the r control variables. Unfortunately, however, it is not always possible to fully eliminate
shadow prices from the resulting equations. Appropriate assumptions on f and g may help.

The general solution to the problem (1.74) is a system of Euler equations.

1.6.4 An example: Lucas’ model of endogenous growth

Consider a closed economy with competitive markets, with identical, rational agents and a
constant returns technology, Y (t) = F(K, N¢). At date t there are N workers in total with
skill level h(t). Suppose a worker devotes a fraction u(t) of his non-leisure time to current
production, and the remaining 1 — u(¢) to human capital accumulation. Then the effective
workforce (that is effective hours) devoted to production is N¢(t) = u(t)h(t)N. Suppose

that preferences over per-capita consumption streams are given by
00 lea
U= / e Pt ———dt (1.76)
0 1

— 0

where the subjective discount rate p > 0, and o > 0 (Lucas 1988, Benhabib and Perli 1994).

Production is divided into consumption and capital accumulation. Let k(t) = K(t)/N
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denote individual physical capital, where K () is the total stock of capital,
K = AF(K,N°) — N¢(t), AeR, (1.77)

The hourly wage rate per unit of effective labor is w(t), that is the individual’s labor income
at skill h is w(t)h(t)u(t). Further, the rental rate of physical capital is ;. To complete the
model, the effort 1 — u(¢) devoted to the accumulation of human capital must be linked to
the rate of change in its level, h(t). Suppose the technology relating the growth of human

capital & to the level already attained and the effort devoted to acquiring more is
h=(1—u(t))0h(t), 6ecR, (1.78)

According to (1.78), if no effort is devoted to human capital accumulation, u(t) = 1, then
non accumulates. If all effort is devoted to this purpose, u(t) = 0, h(t) grows at rate §. In
between these extremes, there are no diminishing returns to the stock h(t).

The resource allocation problem faced by the representative individual is to choose a time
path for ¢(¢) and for u(t) in U C Ry x [0, 1] such as to maximize life-time utility,

(e

1SS 1—
max / et gt st = g(z(t),c(t),u(t)), =x(0)=mzye R (1.79)
{e(®)u®}Z0 Jo l—o

where z = (k,h)7,
# = (AF(K,N°)/N — c(t), (1 — u(t))oh(t)) " (1.80)

and individual income flow at date t is AF (K, N¢)/N = r(t)k(t) + w(t)u(t)h(t).
As the first step, the Bellman equation reads

pV (x(0)) = ol { 10_; + %V(x(O))} (1.81)

where

%V(m(O)) = (r(O)k(t) + wt)u(t)h(t) — c(t)) Vi + (1 — u(t))5h(t)Vy

Observe that we have two first-order conditions,

=V, = 0 (1.82)
wth(t)Vi, — Sh()Vy, = 0 (1.83)

The second step is to obtain the evolution of the costate variables. For this we use the
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maximized Bellman equation and the envelope theorem to obtain for physical capital

pVie = (r)k(t) + w(t)u(z)h(t) — c(z))Vie + r(6)Vi + (1 — u(2))dh(t) Vi
= kak + ?"(t)Vk + thk

and for human capital

oV = (r®)k(t) + wt)u(x)h(t) — c(x)) Vi + wt)u(x)Vi + (1 — u(z))oVj,

Observing that the costate variables obey
Vi = kVig + hVin, and Vi, = kViy, + WV,
we may write the evolution of the two costate variables as
Vi=(p =)V V= (p— (1 —u(2)d)Vi — w(t)u(e)Vy

As the final step we use the first-order conditions (1.82) and (1.83) to substitute costates

Vi, and Vj to obtain Fuler equations for optimal consumption,

—oc 7 le=(p—r(t)c? = ¢ = c(t) (1.84)
and for the optimal time allocated to production

W)V +wt)(p—r)Ve = (p— (1 —u(®@)d)Vid — w(t)u(z)Vid
< wt)/w(t)—rt) = —(1—u(z))d—u(x)d
& afu(t) +h/h(t) = §/a—c(t)/k(?)

= 0 = (1;O‘5—c(t>/k<t)+u(t)5) u(t) (1.85)

Together with appropriate transversality conditions, initial conditions, and the constraints

in (1.80), the Euler equations describe the equilibrium dynamics.
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We may summarize the reduced form system as
Eo= r(t)k(t) +w(t)u(t)h(t)
1 — u(t))oh(t)
r(t) = p)e(t)/o
i = (26— c(t)/k(t)) u(t) +u(t)s

«

and the transversality condition reads (Benhabib and Perli 1994, p.117)
lim [Vie [k (t) — k*(t)] + Vae "' [h(t) — h*(1)]] >0

for all admissible k(t) and h(t).

1.7

Literature: Karlin and Taylor (1975, chap. 1,2), Spanos (1999, chap. 3,4,8), Ljungqvist and
Sargent (2004, chap. 2.1 to 2.3),

This section contains a brief review of the basic elementary notions and terminology of
probability theory for later reference. The following concepts will be assumed familiar to the
reader. More detailed treatments of these topics can be found in any good standard text for

a course in probability theory (our notation closely follows Spanos 1999).

1.7.1

Definition 1.7.1 (Probability space) The trinity (Q,§, P) where Q is the sample space
(outcomes set), § is an event space associated with €2, and P is a probability function from

S to the real numbers between 0 and 1 satisfying axioms
1. P(Q) =1
2. P(A) >0 for any event A € §

3. for a countable sequence of mutually exclusive events Ay, As, ... € §, countable additivity
P (U, Ai) = 2272, P(A)), holds

15 referred to as a probability space.

Definition 1.7.2 (Random variable) A random variable on the probability space (2, §, P)
is a function X : Q — R that satisfies the restriction X < x :={w: X(w) <z} € § for all
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x € R. A random variable X is said to be continuous if its range is any uncountable subset

of R. If the subset is countable, the random variable X s said to be discrete.

Definition 1.7.3 (Cumulative distribution function) We refer to
Fx :R—10,1], Fx(z)=P(X <ux)

as the cumulative distribution function (cdf) of the random variable X .
Remark 1.7.4 The properties of the cdf Fx(x) of the random variable X are
1. Fx(z) < Fx(y), forx <y, xz,y € R
2. limg~ 4y Fx(x) = Fx(x0), for any x € R
3. lim, o Fx(z) := Fx(00) =1, lim,_, o := Fx(—00) =0
that is, Fx is a non-decreasing, right-continuous function with Fx(oo) =1, Fx(—o0) = 0.

Definition 1.7.5 (Density function) Assuming that there ezists a function of the form
fx :R —[0,00) such that Fx(z)= / fx(u)du, where fx(u) >0

fx is said to be a density function of the random variable X which corresponds to Fx.
Remark 1.7.6 The density function, for a continuous random variable, satisfies

1. fx(x) >0 for allz € R

2. [% fx(x)de =1

3. Fx(b) — Fx(a) = fabfx(:c)da: fora<b,a,beR

4. P(X=2)=0 forallxz e R

Definition 1.7.7 (Probability mass function) Assuming that there exist a function

fx :R—1[0,1] such that Fx(x)= Z fx(u) where 1> fx(u) >0

wu<lx
fx s said to be a probability mass function of the random variable X corresponding to Fx.

Remark 1.7.8 In that the cdf for a discrete random wvariable is a step function with the

Jumps defined by fx. The probability mass function, for a discrete random variable, satisfies
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1. fx(z) >0 foraliz € R

2 Yer fx(@) = 1

3. Fx(b) — Fx(a) = Saeroy fx (@) fora<b, a,beR
J. P(X =1) = fx(z) for allz € R

In the literature, the probability mass function is also referred to as the density function for

discrete random variables.

Example 1.7.9 The Normal distribution has the density function

1 _(a—w)? 9
Ifx(z) = e 22, peR o?eRy, z€R

with the cdf

(s=m)?
2

27 ds, pueER, c?e€R,, z€R

Example 1.7.10 The continuous Uniform distribution has the density function

1
fX(x):: gtjaa aab<EIR7 Z E[avm

and fx(x) =0 for x ¢ [a,b]. The cdf is explicitly available and reads

o1 r—a
F = = R
¥ () /a b—adu — a,beR, x€a,b

and Fx(x) =0 for x < a, Fx(xz) =1 forxz >b.
Example 1.7.11 The discrete Poisson distribution has the probability mass function

fAAz
h@ﬂzeﬂ . AER,, =12, ..

and fx(z) =0 forxz ¢ 1,2,.... The cdf reads

T —AAm
Fy(z) = em, AeR,, z=1,2,..
k=0 )
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Remark 1.7.12 The support of the density fx (or of the probability mass function) is the

range of values of the random variable X for which the density function is positive,
Ry := {l’ eR: f)((l') > 0}

The subscript X for fx will usually be omitted unless there is a possible ambiguity.

Definition 1.7.13 (Probability model) A collection of density functions or cumulative
distribution functions indexed by a set of unknown parameters 6, one density for each possible

value of 0 in the d-dimensional parameter space © C R¢,
{f(z;0),0 € ©,x € Rx} or {F(x;0),0 €0,z Rx}

is referred to as a probability model.

Example 1.7.14 The probability model of a Binomial distribution is

n

f(x;@):( )9“”(1—6)”_“”, 0<f<1l, 0<z<n, n=12,..

X

Definition 1.7.15 (Expectation operator) Let X be a random variable and f(x;0), 0 €

© an associated parametric family of densities, then E(-) is the expectation operator

E(X) = / xf(x;0)dx, for continuous random variables,

[e.o]

EX) = Z x;if(x;;0)dx,  for discrete random variables.

r; ERx

Remark 1.7.16 For random variables X, and X and the constants a,b, and ¢, E(-) satisfies

the following properties of a linear operator,
1. E(c)=c¢
2. E(aX; +bX,) = aB(X)) + bE(X>)
Definition 1.7.17 (Variance operator) Let X be a random variable and f(z;6), 0 € ©

an associated parametric family of densities, then Var(-) is the variance operator

Var(X) = / (v — B(X))?f(x;0)dx, for continuous random variables,

o0

Var(X) = Z (z; — BE(X))*f(x;0)dx, for discrete random variables.

miERX
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Remark 1.7.18 For stochastically independent random variables X1, Xo and the constants

a,b, and ¢, Var(-) satisfies the following properties
1. Var(c) =0

2. Var(aX; + bXs) = a®*Var(X,) + b*Var(Xs,)

Definition 1.7.19 (Raw moments) A generalization of the mean is the definition of raw

moments,
w(0)=EX") = / ' f(x;0)dx, r=1,2,..

[e.o]

Definition 1.7.20 (Central moments) A direct generalization of the variance is central

moments,
o

wl6) = B(X =) = [ (o= fwst)ds, r=12,..

where p = E(X) = u} denotes the mean.

Definition 1.7.21 (Joint distribution function) Given a pair (X,Y) of random vari-

ables, their joint distribution function is the function Fxy of two real variables,
Fxy :Rx xRy — [0,1], Fxy(z,y)=P(X <z,Y <y)

The function F(x,00) = lim, .o F(x,y) is called the marginal distribution function of X.

Similarly, the function F(co,y) = lim, .o, F(x,y) is called the marginal distribution of Y.

Remark 1.7.22 In the case where a subset T' € Rx X Ry is countable and the probability
P((X,Y) €T) =1, the joint probability mass function (joint density function) is

fXY(xay) = P(X :x,Y :y)

In the continuous case there is a joint density function fxy : Ry X Ry — R, with

xD x T y
/ / fxy(z,y)dedy =1 and Fxy(z,y) :/ / fxy (u, v)dudv

where Fxy(x,y) denotes the joint cumulative distribution function.

Definition 1.7.23 (Covariance and correlation) If X andY are jointly distributed ran-

dom wvariables, their covariance is the product moment
Cov(X,Y) = E[(X — E(X))(Y — E(Y))]
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For the case where Cov(X,Y) = 0 the random variables X andY are said to be uncorrelated.

The correlation between X and'Y is

Cov(X,Y)
VVar(X)Var(Y)

Corr(X,Y) =

Remark 1.7.24 For random variables X, Y and Z and the constants a,b, and ¢, Cov(-)

satisfies the following properties
1. Cou(X,Y) = B(XY) — B(X)E(Y)
2. Cov(X,Y)=Cou(Y,X)
3. Cov(aX +0b0Y,Z) = aCov(X, Z) +bCouv(Y, Z)
4. Var(aX +bY) = a*Var(X) + 0*Var(Y) + 2abCov(X,Y)

Definition 1.7.25 (Conditional probability) The formula for the conditional probability

of event A given event B takes the form

P(ANB)

P(AIB) = ~5r

P(B)>0

Definition 1.7.26 (Conditional distribution functions) Let X andY be random vari-
ables. If X andY can attain only countably many different values and a joint probability

function exists, the conditional probability gives rise to the formula

foix(yle) = %&f’) Fe(e) > 0, y € By

where fy|x denotes the conditional density of Y given that X = x and

PlY <y, X =x)
P(X=z) '~

Fyx(ylz) =

denotes the conditional cdf. For uncountable many different values we define

~ fxv(z,y) an ) = ! vlz)dv
Frx(olr) = 22D o Byl = [ (el

as the conditional density and conditional cdf, respectively.

Definition 1.7.27 (Stochastic independence) The random variables X andY are said
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to be stochastically independent if for any events A and B,
P(XeAY eB)=P(X € AP € B)

Remark 1.7.28 The stochastic independence of X and 'Y s equivalent to the factorization

of the joint distribution function,
Fxy(z,y) = Fx(x)Fy(y), z=€Ryx, ye€Ry
In particular, it follows that
EXY)=EX)EY) or Cov(X,Y)=FEXY)-EX)EY)=0
Similarly, stochastic independence implies that for all x € Ry, y € Ry,

fxv(z,y) = fx(@)fy(y),
fxy(zly) = fx(x), fr(y)>0

Remark 1.7.29 From Cov(X,Y) = Corr(X,Y) = 0 does not follow that X and Y are
stochastically independent. For example, suppose X ~ N(0,1) andY = h(X) = X2. Observe
that E(XY) = X3 =0= E(X)E(Y) and therefore Cov(X,Y) = Corr(X,Y) = 0.

Definition 1.7.30 (Random sample) The sample X("fld = (X1, Xs, ..., X,,) is called a ran-

dom sample if the random variables (X1, ..., X;,) are independent and identically distributed.

Definition 1.7.31 (Sampling model) A sampling model is a set of random variables (X1,
X, ..., Xy), a sample, with a certain probabilistic structure. The primary objective of the

sampling model is to relate the observed data to the probability model.

Remark 1.7.32 A statistical model therefore consists of both a probability model and a

sampling model. Particular examples are given below

e Bernoulli model

Probability model:  {f(z;0) =6"(1—60)""",0<6 <1,z ={0,1}}

e Normal model

1 o
e 0= (u,0?) ERXR+,xER}

Probability model: {f(x7 0) =

oV 2T
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where in each case the sampling model considers (X1, Xa, ..., X,,) as a random sample.

1.7.2

Often, we find ourselves faced with functions of one or several random variables whose
distribution we need but we only know the distribution of the original variables. Below we

replicate techniques how to obtain the distributions (cf. Spanos 1999, chap. 11.7.1).

Theorem 1.7.33 (Change of variables for densities) Let X be a continuous random
variable defined on Ry = (a,b) where a,b € R, a < b with density fx(x) . LetY be a random
variable defined Y = h(X) where h(-) is strictly monotonic and h(-) has a differentiable

wnverse. Then the density function of Y 1is

dh~(y)
dy

fr ) = (b)) ] " Ry = (h(a), h(b))

which follows from Fy(y) = Fx(h™(y)) using the chain rule.

Example 1.7.34 Consider the random variable Y = exp(X) with X on Rx = (—00,0)
being normally distributed. From Theorem 1.7.33 the density of Y is given by,

1 7(lny—2u)2 dln(y) 1 1 _(ny—p?

= € 20 = — € 202
() vV 2mo? dy YV 2ro?

where Ry = (€>,e7>°) = (00,0), which is the density of the Log-Normal distribution.

Remark 1.7.35 If X is a continuous random variable with the density function fx(x) and
g is a function, then Y = g(X) is also a random variable and the expectation of g(X) is

computed from

E(Y) = B(g(X)) = / " (@) fx(@)de

Theorem 1.7.36 (Change of variables for joint densities) Let X and Y be continu-
ous random variables defined on Rx and Ry, respectively. Let Z = h(X,Y) be a function of
X and Y. Its cdf can be derived via

FA) = P(Z <) = POXY) £2) = [ /{( o J ey
z,y):h(z,y)<z

Example 1.7.37 Consider the convolution of two independent random variables X and Y,
that is Z = X +Y where the density functions take the form

fx(x)=¢e" >0, fy(y)=¢Y y>0, Rz=(000)

60



Using the general result of Theorem 1.7.36 as follows

Fy(z) = /o /o e " Vdxdy = —/O e " Vdx :/0 e’ (1—6“’2)) dx
0

= / e Pdr —e Fz = — (e’z - 1) —e¢fz=1—€e"*—2ze "
0

Z—T

and the density function is f7(z) = e * +ze * —e * =ze*, 2 > 0.

1.7.3

The basic concept required when working with models under uncertainty is that of stochastic

processes, which extends the notion of a random variable.

Definition 1.7.38 (Stochastic process) A stochastic process is simply an indezxed collec-
tion {Xi}ier of random variables defined on the same probability space (0, 5§, P), i.e. X, is

a random variable relative to (2, §, P), for each t in the index set T (henceforth time).

Remark 1.7.39 We refer to the range of the random variable defined by the union of the

sets of values of Rx ) for each t as the state space of the stochastic process, R = UjerRx(p).

Definition 1.7.40 In the case where index set T is countable, we call {X;}ier a discrete-
time stochastic process. On the other hand, when T is an uncountable set, such as an interval

on the real line, we call {X;}er a continuous-time stochastic process.

Definition 1.7.41 In the case where the state space R is a countable space, we call { X, }er
a discrete-state stochastic process. On the other hand, when R is an uncountable space we

call { X }er a continuous-state stochastic process.

We proceed to define some dependence restrictions that will be useful in later applications,
because the concept of purely independent stochastic processes or random samples appears
to be too restrictive. Below we use a discrete-time notation but with minor modifications,

the concepts can be written in the more general notation 0 < t; <ty < ... < t, < .

Definition 1.7.42 (Independence) The stochastic process { X et is said to be indepen-

dent if the joint density function f(x1,%2...,27) = f(x,}ier(T1, T2..., T7) can be factorized,

T

f(l'l,l'g,...,l'T) :Hfl(l‘z), (l’l,IL'Q,...,IL'T) ER

=1
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or similarly, the conditional density equals the unconditional density for T > 0,

f(@rsr|Tr, p—1, s x1) = f(per), k=1,2,..

Definition 1.7.43 (Asymptotic independence) The stochastic process {X;}ier is said

to be asymptotically independent if as T — oo

f(xk+’r|xk7l'k—17"'al‘l) :f(xk-i-’r)a k= 1727"'

that is elements of the stochastic process become independent as the distance between them

increases to infinity.

Definition 1.7.44 (Markov dependence) The stochastic process {X;}er is said to be
Markov dependent if

f(@ra|og, o1, ...y x1) = f(Xpa|ze), k=1,2,..

This notion of dependence can be easily extended to higher-orders m. Then the stochastic
process is said to be Markov dependent of order m. A similar concept based on the first two
moments is the case of non-correlation or no linear dependence, which can be extended to

non-correlation of order m or even to asymptotic non-correlation (Spanos 1999, chap. 8.4).

Markov chains

Probably the most well-known stochastic process is the so-called Markov chain, which is
a Markov process whose distribution (state space) is discrete (countable) while the time

dimension can either be discrete or continuous.

Definition 1.7.45 (Markov chain) The stochastic process {X;}icqo,1,2,. 5 said to be a
Markov chain if for arbitrary times 0 < t; <ty < ... <1,

P(th = $n|th,1 = =’Un—1>th,2 = Tn-2, ~-~>Xt1 = $1) = P(th = $n|th,1 = IUn—l)

The joint distribution of the process takes the form

n

P(Xy, = 2, Xy, = T, Xoy = m1) = P(X, = 2) [[ P(Xy, = 2| Xo,, = 241)
k=2
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where P(X;, = x1) is called the initial condition and
"= P(X,, = j|X,, =4), k=23
pz] T ( 173 _j‘ tr—1 _7’>7 — 4y Iy ..
the one-step transition probabilities from state v to state j.

Remark 1.7.46 A particular important case is when the process is homogeneous in time,

pl(-f) = pij, for allk =2,3, ..., the transition probabilities do not change over time. In this

case the n-step transition probabilities is obtained from the one-step transition probabilities.

Definition 1.7.47 (Martingale) A stochastic process {X;}ien with E(|Xy|) < oo for all

t € N is said to be a martingale if
E(Xt|Xt—1a Xt o, ~-->X1) = Xi1

Remark 1.7.48 A stochastic process { X en with E(|Xy|) < oo for all t € N is said to
be a martingale difference if E(X¢| X1, Xi—2,...,X1) = 0. The term martingale difference
stems from the fact that this process can always be generated as a difference of a martingale

process {Y; hen, defining the process {X; :=Y; — Yi_1 hien,
E(Xi|Xi—1, X0, ... X1) = EV|Yio1, Y0, .. Y1) = Y1 =0

Reversing the argument, {Y; = >, _, X hen is a martingale.
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Chapter 2

Stochastic models in discrete time

2.1 Topics in difference equations

Literature: Ljungqvist and Sargent (2004, chap. 2), Sydsaeter et al. (2005, chap. 11)
The objective of this chapter is mainly to recall basic concepts on difference equations. We
start after some preliminary definitions with deterministic difference equation and include

stochastics afterwards.

2.1.1 Definitions

Let t = 0,1,2,... denote different discrete-time periods. Usually we refer to t = 0 as the
initial period. If x(t) is a function defined for ¢ = 0,1, 2, ..., we use z,x1, Ts, ... to denote

z(0), (1), 2(2), ..., and in general we write z; for x(¢).
Definition 2.1.1 Let denote A a linear operator that satisfies the properties

Ary, = 3 — 149, A0$t = Ty
A25Et = A(Al't) = Al't — A.Tt_l = Tt — 2It—1 + Ti—2
Akl't = A (Ak_l.ft) s k= 2, 3,

We then refer to A as the difference operator.
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Remark 2.1.2 Leta,be R andt=0,1,2,.... Then

Aa = 0
Aays +bxy) = alAy, + bAxy
AR =k k=0,1,2, ...
AR — 0, k=0,1,2,...

Definition 2.1.3 Let denote L a linear operator defined by
Lkl't = (1 - A)kl't = Ti_k, LO = ]_, k 2 0
We then refer to L as the lag operator or backshift operator.

Remark 2.1.4 Leta € R and S = YF_ (aL)’. Then

k+1
(aL)S = > (aL)’ = (1—aL)S=1-d"*'LF!
i=1
k
; 1 — ak:-l—lLk-i-l

i=0

Lemma 2.1.5 For any a # 1,
k 1—a k+1
D 0=
i=0

Proof. An immediate implication of the geometric series in (2.1). m

Lemma 2.1.6 For any a # 1,

k
] 1 1_ak+1
S _kkJrl

Proof. By inserting and collecting terms. m

Definition 2.1.7 A difference equation is an equation for t € Z. of either type

G(t,xt,Axt,Ath,...,Akxt) =0 (22)
F(t, LOIL't, ceey Lklft) = F(t, Tty enny .’,L't_k) =0 (23)

where k denotes the order, if k denotes the mazimum time difference with respect to x.
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Definition 2.1.8 A linear difference equation of order k fort € 7Z of the type
Ty + 11+ ...+ i =714, C1,...,cp €ER (2.4)

where ry s a given series is referred to as the normal form. Forr, = 0 the difference equation

is called homogeneous, for r # 0 we refer to (2.4) as inhomogeneous.

2.1.2 Deterministic difference equations

The following results and solution techniques are useful and are reproduced for later reference.

First-order linear difference equations

Assume in the following a first-order difference equation of the type (2.4),
Ty =ar;1+71, a€R (2.5)
Given an initial value xy, we can solve (2.5) iteratively,

rKT = axg+71r

T9 = ary+7ry = a2x0+ar1—|—r2

Exercise 2.1.9 Obtain the general solution to (2.5) using the lag operator.

For a # 1 and r, = r we obtain,

t—1

. ; . 1—al r . r
:Et:axo—i—rg a:axo—i—rl = | x9g— a +
—a
i=0

e For |a| < 1 the series converges to the equilibrium or stationary state

lim z; = lim | 29 — ! a’ + ro_ T
oo T oo \ 0 l1—a l—a 1-—a

and the equation is called globally asymptotically stable. Two kinds of stability can be
identified, either x; converges monotonically to the equilibrium (a > 0), or x; exhibits

decreasing fluctuations or damped oscillations around the equilibrium state (a < 0).
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e For |a| > 1 the series diverges from the equilibrium state, except when the initial value
is the equilibrium state. Either x; increases monotonically (a > 0), or x; exhibits

increasing fluctuations or explosive oscillations around the equilibrium state (a < 0).

For a =1 and r, = r we obtain,

t—1
:Et::vo—l—TZli:xo—i—rt
i=0

that is the solution is a linear function of .

Example 2.1.10 (Intertemporal budget constraint) Let a; denote the value of the as-
sets held at the end of period t. Further, let ¢; be the amount withdrawn for consumption

and wy the labor income during period t. Suppose r > 0 is the constant interest rate,
a;=(1+7r)a,1 +w — ¢, a(0) =ag

Using the property of the lag operator (2.1), we obtain the solution

1 t t—1 1 t—1
(1——|—7’) a; = ag + ; (1 n 7’) (Wi—i — 1)

which denotes the present discounted value of the assets in the account at time t.

Exercise 2.1.11 (Cobweb model) Let total demand and supply of a nondurable good be

D = a—0bp;, a,b>0
S = c+dp1, c¢,d>0

Market clearing demands that D(p;) = S(pi—1). Obtain the equilibrium price.

Second-order linear difference equations

The solution techniques for solving difference equations are similar to differential equations.
Compare the following two theorems to second-order differential equations. Consider a linear

second-order difference equation in normal form (2.4),

Tiy2 + a1 -+ bl't =G, a, be R, b # 0 (26)
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Suppose we found the particular solution of (2.6), e.g. for the case where ¢; = ¢ we obtain

u* = c¢/(14+a+0b). The general solution of (2.6) requires to solve the homogeneous equation,
Tiyo +axey +bry =0, a,be R, b#0 (2.7)
We try to find solutions of the form x; = A\*. Inserting these expressions into (2.6) yields the

characteristic equation A'(A\? + a\ + b) = 0. The following theorem considers three cases.

Theorem 2.1.12 (cf. Sydsaeter et al. (2005), Theorem 11.4.1) The equation
Tyro +axg 1 +bxy, =0, a,beR, b#0 has the following general solution.

(i) If a®> — 4b > 0, there are two distinct real roots,
1
z(t) = 1\ + N5, where Ao = —g + Qm

(11) If a* — 4b = 0, there is one real double Toot,

x(t) = A et where A\ = Xy = _g

(iii) If a*> — 4b < 0, there are two conjugate complex roots,

z(t) = r'(cy cos 0t + cosin0t), where r=Vb, cost = ~ % pe 0, 7]

2v/b’

where c1,co € R.

Suppose an economy evolves according to a system of difference equations. If appropriate
initial conditions are imposed, then the system has a unique solution. An important question
is whether small changes in the initial conditions have any effect on the long-run behavior
of the solution. If small changes in the initial conditions lead to significant differences in the
long run behavior of the solution, then the system is unstable. If the effect dies out as time
approaches infinity, the system is called stable.

Consider in particular the second-order difference equation (2.6). If the general solution
of the associated homogeneous equation (2.7) tends to 0 as ¢t — oo, for all values of arbitrarily

chosen constants, then the equation is called globally asymptotically stable.

Theorem 2.1.13 (cf. Sydsaeter et al. (2005), Theorem 11.4.2) The equation

Ty + aTey1 + by = ¢
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15 called globally asymptotically stable if and only if the following two equivalent conditions

are satisfied

(i) The roots of the characteristic equation \* + a\ + b = 0 have solutions with real parts

strictly less than 1 (moduli strictly less than 1).

(i7) |la| <1+4b and b < 1.

Systems of linear difference equations

We consider a system of first-order linear difference equations in the normal form,

T = A11T1¢—1 T 12Tt 1 + oo + Q1nTpyg—1 + T1¢
Tor = A1 T14-1 + A22T24—1 + .. T A2pTp—1 + Tt
Tnt = Gp1T1t—1 + (p2T2 t—1 + ...+ ApnTn,t—1 + T

or in matrix notation,

Ty = A.’I/'t_l + Tt (28)
where
Tt aix - Qi 1t
Ty = ) A= y Tt =
Tt Qp1  +  Qnp T'nt

Remark 2.1.14 A system of n first-order linear difference equations can be written as an

n-th order linear difference equation, and vice versa.

Example 2.1.15 Consider the system

Ty = G11%14-1 + G12%T241 (2.9)

Tor = A21T1p—1 + A22T2¢—1 (2.10)
Using the lag operator we can write (2.10) as
(1 - a22L)$2t = A21T1¢-1 < (1 - Cl22L)fU2,t—1 = 21T ,t—2
Multiplying (2.9) by (1 — aL) and inserting the last result yields,

(1 - a22L)$1t = (1 - a22L)a11$1,t—1 + 120217142

& 2y = (a1 + ax)rii-1 + (@12a21 — A22011)T1 42
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which 1s a second-order difference equation.

Example 2.1.16 Consider the scalar second-order autoregression,

Tip1 = O+ P12 + P21 + T4

Observe that we can represent this relationship as the system

Tl p1 P2« Ty 1
Ty =1 0 0 o1 | | 0 | rega
1 0O 0 1 1 0

which is a system of first-order vector difference equation (2.8).

Example 2.1.17 Consider the scalar second-order autoregression with moving average terms,
Tip1 = QO+ P10 + P2le—1 + Tep1 + YTt

Observe that we can represent this relationship as the system

Ti41 p1 P2 Y Q@ Ty 1
1 0 0 0 _ 0

. = . + Tt1
1 0O 0 0 1 1 0

which is a system of first-order vector difference equation (2.8).

The general solution of the associated homogeneous equation system to (2.8),
Ty = Axt_l (211)

can be obtained as follows. We try a solution where z; = WA!, for A # 0 and the unknown

n x 1 vector W = (wy,...,w,)". Inserting into (2.11) yields
WM = AWAN & (A-AXDW =0

where [ is the n x n identity matrix. Thus admissible solutions for A are the eigenvalues of A
and admissible solutions for W are the associated eigenvectors. Suppose rank(A — AI) < n,

the characteristic equation is a nth-order polynomial in A,
det(A—A)=0
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Note that if rank(A—AI) = n, then det(A—AI) # 0 and we would have only trivial solutions
W = 0. The n characteristic roots are the eigenvalues of the coefficient matrix A. For any

given \;, i = 1,...,n we obtain a linear homogeneous system in W®
(A= NI)WD =0

where W are the eigenvectors associated with \;. If we obtain n distinct roots, the general
solution of (2.11) reads

Ty = cl)\"iW(l) + CQ)\;W(2) + ...+ cn)\fLW("), Cly .y Cp €ER

A necessary and sufficient condition for the system (2.8) to be globally asymptotically
stable is that all the eigenvalues of the matrix A have moduli (strictly) less than 1. In this

case the solution of the associated homogeneous system (2.11) converges to 0.

Theorem 2.1.18 (cf. Sydsaeter et al. (2005), Theorem 11.6.2) If all the eigenvalues
of A = (aij)nxn have moduli (strictly) less that 1, the difference equation

Ty =Axi_ +7r

is globally asymptotically stable. Any solution x; converges to the constant equilibrium state
vector (I — A)~!r.

The following theorem is useful to show that the coefficient matrix A has only eigenvalues

with moduli less than 1.

Theorem 2.1.19 (cf. Sydsaeter et al. (2005), Theorem 11.6.3) Let A = (a;;) be an

arbitrary n x n matriz and suppose that
Z lai;] <1 forall i=1,..n
j=1

Then all eigenvalues of A have moduli less than 1.

2.1.3

Many macro economists would refer to first-order stochastic linear vector difference equations
together with Markov chains as their workhorses (Ljungqvist and Sargent 2004). Indeed,

they are useful because they describe a time series with parsimony.
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Consider the system difference equation in the normal form similar to (2.8),
Tir1 = A.fl't + C?"tJrl (212)

for t = 0,1,2,... where x; is an n X 1 state vector, A is an n x n matrix, C is an n X m
matrix, r; is an m x 1 vector. We now refer to r; as a random variable satisfying certain
assumptions. Because r; is random, at least for ¢ # 0 the state variable x; will be a random

variable as well, of which the properties are now of interest.

Definition 2.1.20 (White noise process) Suppose that ryyq is an m x 1 random vector

of the discrete-time and continuous-state stochastic process {ri}ien with

E(riq1) = 0 forall teN

E(ral,) = {I 7 1=0
0 if j#0

where I is the m x m identity matriz. Then i1 is said to be (vector) white noise.

Definition 2.1.21 (State-space system) Let {r;}ien be a white noise process. Then

Ty = Ar+Crip

v = Gy
where y; is a vector of variables observed at t, is said to be a state-space system.
If y; includes linear combinations of x; only, it represents a linear state-space system.
Example 2.1.22 Consider the scalar second-order autoregression,
Tyl = @+ P10 + PoXi1 + Teq1

Observe that we can put this relationship in the form

Tit1 p1 p2 « Ty 1
Xy = 1 0 0 Ter | | 0| rga
1 0 0 1 1 0
Ty
Ty = [1 0 O] Tiq
1
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which 1s a linear state-space representation.

In analogy to deterministic difference equations, (2.12) can be solved for z; iteratively as

a function of ¢t and realizations of r;, provided we have a given initial vector x( for ¢t = 0,
t
Tir1 = AtJrll'o + Z AJCTtJrl,j (213)
5=0

However, because x; is a random variable the solution does not provide the actual value
or the realization of z; for ¢ > 0, but gives the joint distribution of z; at time ¢ given the
available information set at t — 1 and distributional assumptions of the random shocks r;.

Often, the form (2.13) is referred to as the moving average representation.

Definition 2.1.23 (Impulse response function) Suppose that the eigenvalues of A in
the solution (2.13) have moduli strictly less than unity (except possibly for one that is affiliated

with the constant terms in the various equations). Defined as a function of lag 7,
hj == AJC

1s referred to as the impulse response function.

Both the solution and the associated impulse response function show how x4, is affected by
lagged values of the shocks. Thus, the contribution of shock 7,_; to a; is A7C.
Distributional properties and limiting distribution

In order to understand the distributional properties of x; we start by assuming that {r;};en
is vector white noise, that is E(ry) = 0, E(rer,) = I, and E(r,r} ) = 0 for all j # t. Apply

the expectation operator to (2.12), and obtain the mean defining p, = E(z;) as

E(l’t+1) = AE(I’t) + CE(?"t+1)
S o = A = = XWY 4 e XW e, €R

for the case where we have n distinct roots. If we assume that all of the eigenvalues of A
are strictly less than unity in modulus, except possibly for one that is affiliated with the

constant term, then x; possesses a stationary mean satisfying p = ps1 = ¢, or equivalently,

(I—Ap=0
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It characterizes the mean p as an eigenvector associated with the single unit eigenvalue.
Notice that

Tyl — Myl = A(l’t — ,ut) + C?“prl (214)

Also, the fact that the remaining eigenvalues of A are less that unity in modulus implies

that starting from any g, the expected value converges towards p; — p. In that we regard
the initial condition z( as being drawn from a distribution with mean pg = E(xg).

From equation (2.14), postmultiplying both sides with (2,41 — p¢y1)" and applying the

expectation operator, we can compute that the stationary variance matrix satisfies

E [(zi31 = ) (@i — ) '] = E[(Alw — ) + Cria) (A — ) + Cregr) ']
= E[A(x; — p)(w — ) TAT] + E [Crepar[,CT]
= AE [(x; — ) (2 — ) AT+ CCT

< Y+1,0 = A%,OAT +cc’

defining the variance matrix

Mo =FE [(:L‘t — p) (2 — Mt)T]

The equation is a discrete Lyapunov equation in the n X n matrix ;. It can be solved using
specialized software, or e.g., using Matlab (Ljungqvist and Sargent 2004, p.45).
Similarly, by virtue of p;1 = Ay and (2.12), it can be shown that

Vej = B [(@es — peg) (@ — ) '] = Ay (2.15)

Once we solved for the autocovariance function 7; o, the remaining second moments ; ; can
be deduced from the given formula. The sequence of v; ; as a function of j is also called the

autocovariogram. Defining long-run stationary moments as

foo = tlim L (2.16)
Yoo = tllrgloyt,O (2.17)

we pinned down two moments of the long-run or limiting distribution of x;. Observe that we
obtained this result without making distributional assumptions, but only requiring zero first
moment and constant variance for the stochastic shocks. Further note that although the
stochastic process {r;}sen by assumption is white noise, from (2.15) obviously the stochastic

process {x;}ien has asymptotic non-correlation.
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Exercise 2.1.24 Consider the following first-order difference equation in matriz notation

Yt a b Oe
= €t
1 01 0

where {€; }ien is white noise, E(e;) = 0 and E(e?) = 1. Obtain the mean, jio = limy_ o fit,

Y—1
1

_|_

and the variance Yoo,0 = limy_.o Y0+ of the limiting distribution.

Sunspots and indeterminacy

Let {€ }ier be a stochastic process and suppose there is the relationship
1
Ty = aEt(xtJrl) -+ €, a 7£ 0 (218)
A solution is an expression such that
Ey(i41) = (21 — €)a

In what follows, we restrict our attention only to linear processes that fulfill the equation.

Then all admissible solutions satisfy the condition,

Tir1 = (l’t — et)a -+ ﬁt+1 (219)

with an arbitrary random variable 7j; satisfying E;(7;41) = 0. Therefore the solution can
be indetermined, because it depends on arbitrary random extrinsic events. Suppose 7); is a

function of fundamental shocks €, with Ey(€e,41) = 0 and sunspots n; with Ey(n41) = 0,
m=mn+0de, O€ER

Note that for Ei(e;1) # 0, the equations demand § = 0. Assume that |Corr(n, )| < 1,

i.e., contemporaneous fundamental and sunspot shocks are not perfectly correlated.
Observe that the characteristic equation is A = a. For the case where |a| < 1 the solution

to the associated homogeneous equation to (2.19) is stable. If the infinite geometric series

converges, it can be shown that the general solution to the inhomogeneous equation is

=06+ (0 —1) Z a'e; + Z a'ne
i=1 i=0

Hence, there is an infinite number of admissible solutions for different values of §, and the
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solution is indetermined. These depend on contemporaneous fundamental shocks (6 # 0),
lagged fundamental shocks (6 # 1) and contemporaneous and lagged sunspot shocks 7;.

If |a| > 1, we use the inverted lag operator L ™"z, = x4y, solving (2.19) forward to get

(1 — (1/a)L*1) x=¢ — (1/a)f

If the infinite geometric series converges, we may write
Za “erps — (1/a)Ta1a)

Because the solution depends on future realizations (not on expected future realizations),

we shift the solution one period to the future and apply the expectation operator to obtain

$t+1 E a Et €t+1+z

where we used the law of iterated expectations. Inserting into (2.18) yields (a # 0)

Z a "By (ep4144) + € = Z a "By (e14:) + €&

i=1

The solution depends on contemporaneous fundamental shocks, and expected future shocks

(Eieryi # 0), but not on sunspot shocks. The solution therefore is determined.

Exercise 2.1.25 (Inflation and indeterminacy)

2.2 Discrete-time optimization

Literature: Stokey et al. (1989), Ljungqvist and Sargent (2004, chap. 3,9), Sydseter et al.
(2005, chap. 12), (Walde 2007, chap. 2,3,7)
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This chapter briefly summarizes solution techniques to discrete-time dynamic optimization

problems. Most of the chapter is concerned with dynamic programming.

2.2.1 A typical control problem

Consider a system that is observed at times ¢ = 0,1, ...,T. Suppose the state of the system
at time ¢ is characterized by a real number x,. Assume that the initial state xq is historically
given, and the system is steered through time by a sequence of controls u; € U. Briefly

formulated, the problem reads

T
maXZf(t,xt,ut) st @ = gt w), T given
t=0

Among all admissible sequence pairs ({x;}, {u:}) find one, ({z;}, {u;}), that makes the value
of the objective function as large as possible. Such an admissible pair is called an optimal

pair, and the corresponding sequence {u}}!_; is called an optimal control.

2.2.2 Solving using classical calculus methods

Consider the most simple version of a dynamic stochastic general equilibrium model as a

straightforward extension of the following deterministic model of overlapping generations.

A simple deterministic overlapping generations model

Let there be an individual living for two periods with utility function, U; = U(¢;, ¢441), where
consumption in the first and second period is denoted by ¢; and c¢;yq, respectively. The
individual receives labor income w; in both periods, and allocates income to consumption,
¢ and ¢, or saving, s; which increases consumption possibilities in the second period

generating, (1 4 ry1)s;. Summarized the control problem reads
max U(Ct, Ct+1) s.t. Ct41 = Wit + (]_ + Tt+1)(wt — Ct)

For simplicity, the state variable is zero at the beginning of the first and at the end of the
second period, that is by assumption there is no initial wealth and the individual does not
leave any bequest. This points to the fact that timing within a period is an important issue
in discrete-time models. Here, the budget constraint reveals some insights.

Observe that there are no interest payments in the first period, wages are paid and

consumption takes place at the end of a period. Because savings, s; = w; — ¢, are used in the
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form of productive capital in the second period, returns r;;; are determined in t41. Without
any further restrictions, we implicitly assume perfect capital markets, that is individuals can
save and borrow any amount they desire at the rate r4;.

The problem can be solved simply by defining the Lagrangian,
L =Ul(ct, cre1) + AL+ ) (we — ¢) + Wi — cip1)
where first-order conditions are

Ect = Uct — )\(1 + Tt+1) =0

Lo, = Ugypy —A=0
Ly = (T4+rg)(we—c) +wer —cy1 =0

Combining the first two conditions gives a necessary condition for optimality,

U 1
Uy = Uppo, (14 1141) & —% = 2.20
+ ( t+1) []ctJrl (1 +Tt+1)_1 ( )

Obviously, optimal behavior requires that the marginal rate of substitution of consumption
¢, and ¢;4q given a consumption bundle (¢4, ¢;41) must equal their relative price. Otherwise,

individuals could increase their overall utility simply by adjusting their consumption levels,

de UCt
dUy = U,,dc; + [jflws-s-ldctJrl =0« d::l - _Ucz+1

An important measure is the intertemporal elasticity of substitution of consumption at

two points in time,

_ Uy /Uy dle/ern) — dn(a/ci)

ec Cia1 -
o ct/cit d(UCt/UCt-H) dIn(U,,/U.

(2.21)
t+1)
measuring the percentage change in relative consumption by a percentage change in their
relative price. For the Cobb-Douglas case, Uy = U(cy, ¢iq1) = chL};f we obtain

0 _ ﬁCtH/Ct d(ci/cis1) _ 1 d((CtH/Ct)_l):l

Ct,Ct+1 o Ct/CtJrl %d(CtJrl/Ct) (Ct/CtJrl)Q d(CtJrl/Ct)

Note that overall utility, U, = U(c¢y, ¢i41), is separable into instantaneous utility levels, u,

InU; =~Ine; + (1 — ) Incy = yuler) + (1 — y)u(cesr) (2.22)
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The time preference rate is the rate at which future utility is discounted. Technically, it is

the marginal rate of substitution of instantaneous utility u(c;) and u(c¢;11) minus one,
Uu(er)
Uu(ct+1) - Y

Hence, the rate of time preference is positive for v > 1/2, which makes sense as «y points to the

relative importance of instantaneous utility in (2.22). Accordingly, for v > 0, instantaneous

utility in ¢ is preferred to instantaneous utility in ¢ + 1.

This allows to derive an intuitive condition under which consumption increases over time
(or equivalently where savings are positive for invariant labor income). Using the utility
function U; = U(cy, ¢i11) = ¢fcpy; and the first-order condition (2.20),

7 G l—~
— = =14 & = —— (Lo
=7 ¢ Y
we obtain

Cty1 > ¢ & 141 > ﬁ & T > p
Thus consumption increases if the interest rate is higher than the time preference rate, that
is returns to saving are sufficiently high to overcompensate impatience.
A simple stochastic overlapping generations model

Let there be an aggregate technology
Y, = A KLY (2.24)

Suppose {A; et is a stochastic process. By assumption, the fundamental source of uncer-

tainty is exogenous resulting from the technology used by firms. For illustration, suppose
AtN(A,O'Q), At>0

where {A;}ier is a continuous-state stochastic process with mean A and variance o2, At the
beginning of period ¢, the capital stock K, is inherited from the previous period, the capital
stock therefore is predetermined. Then, total factor productivity is revealed and firms choose
factor inputs, and households receive factor income and choose their consumption level.
The crucial assumption is that wages and interest payments are known with certainty at
the end of the period. As a result of the timing, firms do not bear any risk and pay marginal

product of labor, w; = Y7, and capital, r, = Yk, to workers and capital owners, respectively.
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Therefore, workers and capital owners bear all risk because their returns are uncertain. Let

overall utility be time separable, the control problem reads
max Fy {u(c) + fu(cir)} st o1 = wier + (14 7r01) (wy — ¢)

where = 1/(1+p), p > 0 denotes the subjective discount factor measuring the individual’s
impatience to consume. Despite the uncertainty about w;; and ry 1, the dynamic budget
constraint has to hold. In that contingent claims have to ensure that negative savings are

indeed settled in the second period. Inserting the budget constraint yields,

max {u(c;) + BEu((1 + 1) (we — ¢) + wig1) }
& max {u(ct) + 5/0 F(8)u((L 4+ rg 1) (we — c) + ws,tﬂ)ds}

where f(s) is the density function of A; given the information set ¢. Optimality requires

u'(c) — ﬁ/ooo F)U' (T4 rspr)(wy — &) + wspy1) (14 7r5441)ds =0

& U (e) = BE (1 + 1) (w — ¢) + wep1) (1 + 741) (2.25)

In that, marginal utility in ¢ has to be equal to expected discounted instantaneous marginal
utility in ¢ + 1 corrected by the interest rate effect.

In some cases, where the instantaneous utility function u allows to separate the capital
returns from consumption in the first period, an explicit expression or closed-form solution
for ¢; can be obtained. Using instantaneous utility u(c;) = In ¢, the first-order condition in

(2.25), and the assumption wyy; = 0, which turns out to be necessary for a closed form,

1+ Tt11

R T ——

where from the budget constraint w; = ¢; + (1 + rt+1)_1ct+1. Inserting yields

(1 + ﬁ)ct = C + (1 + Tt+1)_1ct+1 ~ Cty1 = ﬁ(l + Tt+1)ct (227)

which has the same structure as in the deterministic setup. In contrast to the solution under
certainty there is still uncertainty about the consumption level in ¢ + 1. Nonetheless, the
optimal consumption level in the first period is available in closed form, ¢; = 1/(1 + §)wy.

We now aggregate over all individuals in order to find the reduced form of the overlapping
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generations model. Consumption of all young individuals in period ¢ is given from (2.26),

U}tN U}tL 1

CcY = = =
P14+ 143 148

(1-a);

where we used the fact that under perfect factor markets, using Euler’s theorem provided
the production function has constant returns to scale, Y; = r, K; +w,;L. Consumption of the
old individuals from (2.27) is

Cf = ﬁ(l + Tt)NCt,1 = %(1 + T’t>L’wt,1 = %(1 —+ 7})(1 — Oz)Y;fl

Aggregate consumption in ¢ therefore reads

1
Ct - Cty + Cto == m(l — Oé) (}/;‘/ +ﬁ(1 + Tt)}/;‘,fl)

Market clearing on the goods market demands that supply equals demand,

where the left-hand side gives supply as current production and the capital stock sold by
the old generation as it is of no use in the next period. The right-hand side gives demand
as total consumption plus investment. Investment is determined by the aggregate savings of

the young generation,

1 p
L=Lw—c¢)=|1-—— | Lu;,= ——(1 — a)Y;
= L= e) = (1= 15 ) = -,
Because the old generation leaves no bequests, the capital stock K, is fully determined by

investment of the young generation,

6 -
Kigw=L=—010-a)AKXL'™®
t+1 t 1+ 6( ) T3¢
which is a non-linear first-order stochastic difference equation in the capital stock. Analyzing
the properties of stochastic processes with stochastic coefficients in general is fairly complex.

For the reduced form equation above, however, a log-transformation yields

InKiy; = In (%(1 — Oz)Ll_o‘) + aln K; + In A,

In (Hﬁ—ﬁ(l - a)Ll_a) +pe +aln Ky + o6, €~ (0,1)
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where we defined p. = E(lnA;), and o6, = In A; — E(In A;). Because 0 < a < 1, it is a
stable linear first-order stochastic difference equation converging towards a stochastic steady
state, or more precisely towards some stationary distribution of the log capital stock. It can

be written as a stochastic difference equation in normal form,

In K41 a o b In K 0
€t+1 == 0 0 O €¢ + 1 €11
1 0 0 1 1 0

where ¢; is white noise with E(e;) = 0 and Var(e;) = 1, and b denotes a constant,

_ 5 - 11—«
b_ln(—1+ﬁ(1 a)AL >+ue

From this we obtain the first two moments of the stationary distribution as

. b . 1 6 11—« :uG _ Uz
E(n K;) = o= 1—aln<1+ﬁ(1_a>L )+ T— o Var(In K;) = o

Given a specific distributional assumption for A;, we could explicitly relate u. and o, to the

moments of the fundamental uncertainty, A;, that is as function of A and o2, respectively.

2.2.3 Solving using dynamic programming

Below, we closely follow Sydsater et al. (2005, chap. 12). Return to the control problem,

T
maXZf(t,xt,ut) st. mp = g(t,x,ug), T given
=0

Suppose we choose arbitrary values for {u;}_, with u; € U for all ¢, the states {z;}L | can
be computed recursively. Each choice of controls give rise to a sequence or a path which
usually have different utility or value ZtT:o f(t,x¢,uy). Often, controls u,; that depend only
on time are referred to as open-loop controls, while controls that depend on the state of the

system are called closed-loop controls, feedback controls, or policies.

Bellman’s principle

Suppose that at time ¢t = s the state is x4 = x € R. The best we can do in the remaining

T

periods is to choose {u:}{_, and thereby also {z;}]_, , to maximize S f(t, @y, up) with

xs = x subject to x4 = g(t, x4, ug) for t > s. The optimal control, {uz‘}tTZO, will depend on
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x, in particular, v} = u*(xs) = u*(z). We define the value function at time s,

Js(x) = max Z ft g, u) = Z [t @y, uy) (2.29)

where

Ts=1x, Tsi1 = g(s,Ts, Us). (2.30)

If we choose us = u € U, then at time ¢ = s we obtain the reward f(s,z,u) and the state
changes to zs11 = g(s,z,u) as from (2.30). The highest reward starting from the state 4,4
is Jop1(xs11) = Js41(9(s, x,u)) according the definition in (2.29). Hence the best choice of

us = u at time s must be a value of u that maximizes f(s,z,u)+ Js11(g(s, x,u)),

Jo(x) = { max,ey { f(s,x,u) + Jsr1(g(s, z,u))}, s=0,1,...T -1 (2.31)

max,ecy { f(T,x,u)}, s=T

Note that often (2.31) is referred to as the fundamental equation of dynamic programming,

because it is the basic tool for solving dynamic optimization problems:

1. find the optimal function Jr(z) = max,cy f(T,z,u) for s = T, where (usually) the

maximizing value of u will depend on z, and was denoted by u¥.(x) above.

2. use (2.31) in order to determine Jr_;(x) and the corresponding uf._; of the preceding
period, and work backwards recursively to determine all the value functions and hence

the optimal control {u;}L.

Example 2.2.1 (Overlapping generations) Consider the following control problem of

overlapping generations, with instantaneous utility v’ > 0 and u” < 0,
T
maXZﬁtu(ct) st. apr=1+r)a+w —c¢, a=a=0 T=1
=0

where we introduced a state variable a; > 0.

1. find the optimal value Jr(a) = max.>o fu(cy). Note that the mazimum of Su(cy) can be
obtained by the corner solution fu(cy) = fu(wy+riay) such that ¢;(a) = w1+ (1+r1)ay.

It is reasonable that ay = aq(a) because a; = wy — c¢o + (1 + 19)ag, ag = ap(a).

2. determine Jp_1(a) recursively for the preceding (that is the initial) period from
Jo(a) = max{u(eo) + Jr(a)} = max{u(c) + fu(wr + (1 +7r1)ar)}
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which becomes using ag = ap(a) = a = 0,
Jo(a) = rﬁlggc{u(co) + Bu(wy + (1 4+ 7r1)(wo — o))}
where the optimal ci(a) satisfies the condition

W' (co) + Bu'(wi + (L +71)(wo — o)) (—(1+711)) = 0

(o) s
u'(wy + (1+7r)(wo — ) plLtn)

It coincides with the optimality condition u'(co) /u'(c1) = B(1+11) in the model of overlapping
generations in (2.20), where U(cy, o) = clcy 7, and the factor = (1 —7)/7.

In simple cases, the control problem can be solved quite easily by ordinary calculus methods.
In principle, all finite horizon dynamic programming problems can be solved using classical

methods, however, the method becomes quite messy if the horizon T is large.

Infinite horizon

Economists often study dynamic optimization problems over an infinite horizon. This avoids
specifying what happens after the finite horizon is reached, as well as having the horizon as

an extra exogenous variable that features in the solution. Consider the following problem
t _ .
maxZﬁ flxy,up)  st. x = g(og,uy), x given (2.32)
t=0

where # € (0,1) is a constant discount factor, and xy is a given number in R. Note that
neither f nor g depends explicitly on ¢. For this reason, problem (2.32) is called autonomous.

Assume that the infinite sum converges, that is f satisfies some boundedness conditions.

Bellman’s principle

Suppose that at time ¢ = s the state is ; = © € R. The optimal control {u;}:°  defines the

value function as

Jo(x) =Y B f (7 u)), V() = Jo(x)

Roughly, if we choose the control u, the immediate reward is 3° f(x, u) and the state changes

to 2511 = g(z,u). Choosing an optimal control sequence from ¢ = s 4+ 1 on gives a total
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reward over all subsequent periods that equals Jsi1(g(x,u)) = 5J5(g(x,u)). For s =0,

V() = max{f(z,u) + 6V (g(z,u))} (2.33)

uelU

is a necessary condition for (2.32) which is the Bellman equation, i.e. the first step of the
three-steps procedure for solving discrete infinite horizon problems (Walde 2007, chap. 3.4).

As a corollary, we can compute the first-order condition which reads

fu(z,u) + BV (g(x,u))gu(z,u) =0 (2.34)

which is the solution to the control problem (2.32) and makes u* = u(z) a function of the

state variable. Note that (2.34) is a first-order difference equation in z;, for any s > 0

fulws, ug) + ﬁvl(strl)gzL(xsa us) =0 (2.35)

since the future looks exactly the same at time 0 as at time s. As we usually do not know
the functional form of V(x), or say V'(x), we need to go through two further steps in order
to eliminate the costate variable V', replacing it by known functions of f and g.

In a second step, we determine the evolution of the costate variable. Replacing the control

variable u, by the optimal control u} = u,(xs) gives the maximized Bellman equation,

Vi(ws) = [ us(ws)) + 8V (g(s, us(2)))

Computing the derivative with respect to x5, we obtain using the envelope theorem

V'(zs) = folws, us(wy)) + BV (511)ge(Ts, us) (2.36)

Interpreted as a shadow price, it gives the value of a marginal increase in the state variable.
As the final step we insert the first-order condition (2.35),

1 fulws, u)
B gu(Ts, us)’

into (2.36) shifted one period ahead to obtain

l Ju(Tsi1, Usi1)

V'(2s11) = -
( +1) ﬁ gu(l‘s-i-la U5+1)

V/(xs+2) =

V/(strl) = fz(xSJrl?uSJrl)+ﬁvl(xs+2>gx(xs+laus+l)
fu(l'saus) fu(l's—l—laus-i-l)

T @) PR S - z\ls+1, Us 2.37
Gu(s, 1) ﬁgu(strlaUerl)g (@asrs tsr1) = Bfa(@srr, tarn) ( )
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which is a generalized version of the discrete-time Euler equation.

Exercise 2.2.2 (Infinite horizon) Solve the infinite horizon control problem, assuming

instantaneous utility v’ > 0 and u” < 0,
maxz Blule) st agr =1 +r)a+ws —c¢;, ag=a=0
t=0

where a; > 0 denotes individual’s real wealth, and 3 > 0 is the subjective discount factor.

Observe that the implicit timing is different to models where a; 1 = (1 + ;) (a; + wy — ¢).

However, it does not matter for the Euler equation.

2.2.4 Stochastic control problems

This section considers how to control a dynamic system subject to random disturbances.
Stochastic dynamic programming is a central tool for tackling this problem.

We consider the following infinite horizon stochastic control problem,
maxEZﬁtf(Xt, w), Xpp1 = 9(Xp,u, Zy), x9=12, 20 =2, (,2) €R? (2.38)
t=0

where {Z;}7°, is a Markov dependent stochastic process, each random variable defined on
the same probability space (€2, F, P). Note that P(Zy1 = 2111|Z: = z) as well as functions f
and g do not explicitly depend on ¢ making the control problem autonomous or stationary.
For s > 0, each optimal choice u! = u¥(Xs, Z;) will be a function of the current state X,

and the random variable Z,, to which we refer as Markov policies or Markov controls.

Bellman’s principle

The heuristic argument for the optimality equation works just as well in the stochastic control
problem because of the autonomous formulation and the Markov property of the stochastic
process the future looks exactly the same at time ¢t = s as it does at time ¢t = 0, however,

with the next periods value function discounted at 3. Hence the Bellman equation reads
V(z,z) = rq?eag{f(x, u)+ BE(V (X1, Z1))} (2.39)

defining the expectation operator Eo(V (X1, 21)) = E(V(g(x,u,2),7Z1)|Xo = z,Zy = 2).
Observe that the term z enters the value function, which is considered as an exogenous state

variable. There are cases, however, where this state variable is endogenous as well.
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Observe that the Bellman equation again is a functional equation which determines the
unknown function V' that occurs on both sides. Once V' is known, the optimal Markov control
is obtained from maximizing in the optimality equation. Note that certain boundedness
conditions on f are assumed to hold (Sydseter et al. 2005, chap. 12.7).

We now proceed with the three-steps procedure for solving infinite horizon stochastic

control problems (Wélde 2007, chap. 8). As a corollary, we obtain first-order conditions,
fulz,uw) + BEy (Vi(g(x,u, 2), Z1)gu(z,u,2)) =0
which basically is a first-order stochastic difference equation,
Ju(Xsyus) + BEs (Vi (Xst1, Zst1)gu(Xs, s, Zs)) =0 (2.40)

indeed providing a functional relationship of the control and the state variables.
In a second step, we determine the evolution of the costate variable. Using the maximized

Bellman equation,

V(XS7 ZS) = f(Xs,U:) _'_ ﬁEs(V(Xerla Zerl))

where v} = us(Xs, Z), and the envelope theorem gives the (evolution of the) costate as
va(Xsa Zs) = fx(Xsa us(Xs> Zs)) + ﬁEs (‘/x(Xs-l—l) Zs+1)gx(Xs> us(Xs> Zs)a Zs)) (241)

As the final step we use the first-order condition (2.40),

Ju(Xs, us)

E X Z =
ﬁ s(‘/x( s+1y s+1)) gu(Xs,Us,Zs>

making use of the fact that E(g,(Xs, us, Zs)) = gu(Xs, us, Zs) is deterministic conditional
on the information set available at s. Inserting into (2.41) by using a similar argument for
Es(g:(Xs,us, Zs)) = 92(Xs, us, Z5) we obtain

Ju(Xs, us)
gu(Xs, /U/S’ ZS)’

fu(Xerlauerl)
V;r Xs 7Zs = T Xs y Us — Yz Xs y Usg 7Zs
(Xst1, Zst1) Jo (X1, usi1) = 9o (Xst1, Usta +1)gu(Xs+17us+lazs+1)

‘/J:(XsaZs) - fm(XS7u8)_g$(XS7u87ZS)

where we shifted the resulting expression also one period ahead. Inserting both expressions
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back into (2.41) we managed replacing the costate by terms of known functions f and g,

fu(Xsaus) :ﬁE ( fu(Xs-l—laus—i—l)
gu(Xsausazs> ° gu(XerlauerlaZerl)

gz(Xerh Us+1, Zerl) - fx(Xerla us+1)>
and obtained the discrete-time Euler equation of the stochastic control problem in (2.38).

Exercise 2.2.3 (Real business cycles) Consider the prototype real business cycles (RBC)

model as in King et al. (1988). Suppose a benevolent planner mazimizes

maxEY B (InCy+0In(1—Ny)), st Ky = ANK ™= Ci+ (1-0)K,, Ko>0
t=0

Cy is commodity consumption, Ny is the labor input and K is the predetermined capital stock

in pertod t. A; denotes stochastic temporary changes in total factor productivity, ¢ is the rate

of physical depreciation of capital, and 0 < o < 1 s the output elasticity of labor. Solve the

optimization problem and obtain the Euler equation for consumption.
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Chapter 3

Stochastic models 1n continuous time

3.1 Topics in stochastic differential equations and rules

for differentials

Literature: Oksendal (1998, chap. 4,5), Kloeden and Platen (1999, chap. 3,4), Spanos (1999,
chap. 8), Protter (2004, chap. 1,2), Wélde (2007, chap. 9)

The objective of this chapter is to introduce concepts for stochastic models in continuous
time, where usually uncertainty enters in the form of stochastic differential equations to

model specific dynamics, e.g., the evolution of prices or technology frontiers.

3.1.1 Definitions

For later reference we consider two fundamental stochastic processes, the Brownian motion
and the Poisson process. While the Brownian motion is often used to model the behavior of

prices (e.g. returns, exchange rates, interest rates), the Poisson process captures rare events.

Definition 3.1.1 (Standard Brownian motion) The stochastic process { By }icjo,00) 15 said

to be a standard Brownian motion process if the following conditions hold
(Z) Bt+h - Bt ~ N(07 ‘h‘), fOT (t + h) S [07 OO)

(ii) B; has independent increments, that is for 0 < t; <ty < t3 < 00,
Bu=Bu\ oy f(0) (-t 0
B, — B, 0 0 ty—t
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Remark 3.1.2 There is confusion in the literature in so far as the process first noticed by
Brown is called a Brownian motion or a Wiener process. We closely follow Spanos (1999)
and refer to the continuous-time process as a Brownian motion and its discrete counterpart

as a Wiener process. This, however, is not standard terminology.

Remark 3.1.3 For {B,}icjo,00) being a Brownian motion, the following properties hold

1. {Bi}teo,e0) @5 a Markov process. This follows directly from the fact that
Bt2+t1 = Btl + [Bt1+t2 - Bt1]

which says that the new state By,.+, ts the sum of the old state By, and an independent

Normal random variable [By, 1, — By, ].

2. The sample paths of a Brownian motion process are continuous but almost nowhere

differentiable. Think of the zig-zag trace of a particle in a liquid.

3. The Brownian motion processes {\/cB (%) }te[O woyy Where ¢ >0 and {B:}iefo,o0) have

the same joint distribution. This property is referred to as the scaling property.

Remark 3.1.4 Related stochastic processes to the standard Brownian motion, {By}o o)
1. the process {ut + aBt}te[opo) is said to be a Brownian motion with drift
2. the process { By — tBi }icjoq is said to be a Brownian bridge

3. the process {u + \/LQ—Ge_GtB (eZGt)} 000) 18 said to be an Ornstein-Uhlenbeck process
te|0,00

4. the process {fg Budu}icpo,o0) 15 said to be an integrated Brownian motion process

5. the process {exp(By) }icjo,00) 5 said to be a geometric Brownian motion process

Definition 3.1.5 (Poisson process) The stochastic process { Ny }icjo,o0) s said to be a Pois-

son process if the following conditions hold
1. Ny = max{n : S,(t) < thepo,0) @5 @ point process where
2. Sp(t) =31 X; forn>1, Sy =0 is a partial sum stochastic process and

3. X, withn = 1,2,... is a sequence of independent identically exponentially distributed

random variables.
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Remark 3.1.6 If it helps, let N; denote the number of phone calls up to time t. Think of
each S,(t) = min{t : N(t) = n} as the time at which the telephone rings for the nth time.

Then X, =S, —S,_1, n=1,2,3, ... denotes the time interval between calls n and n — 1.

Remark 3.1.7 Noticing that the event Ny > k is equivalent to the event Si(t) < t, it follows
P(N; > k) = P(Si(t) <t).

In view of the fact that S, (t) is the sum of i.i.d. exponentially distributed random variables,

we can deduce the density function of Ny as follows (see Spanos 1999, chap. 8.11),

Fu(k) = P(Ni = F) = P(Su(t) < 1) = P(Senn(t) < 1) = O

The Poisson process {Nt}te[om) has mean and variance
E(Nt) = At, VCLT'(Nt) = )\t

that is, the Poisson process is not stationary because its first two moments depend on t. Note
that dN; = 1 with probability A\dt and dN; = 0 with probability (1 — \)dt.

3.1.2 Stochastic differential equations

These stochastic processes can now be combined in various ways to construct more complex
processes, which can nicely be represented by stochastic differential equations. An ordinary

differential equation,
= % — aft,a()
t=—=uqa(t,x

dt ’

may be thought of as a degenerated case of a stochastic differential equation, as yet undefined,

in the absence of uncertainty. Using the symbolic differential form, we could write
dx = a(t,z(t))dt

or more accurately,
¢
z(t) = xo —1—/ a(s,z(s))ds.
0

A generalized formulation can be obtained for stochastic processes. The Brownian motion

constitutes the principal element for a class called diffusion processes based on stochastic
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differentials. By a stochastic differential we mean an expression of the type
dXt = a(t, Xt)dt + b(t, Xt)dBt (31)

which is just a symbolic way of writing
t t
X =X, +/ a(u,Xu)du—i—/ b(u, X,)dB, (3.2)

for any 0 < s < t. The first integral in (3.2) is an ordinary Riemann or Lebesgue integral
and the second integral is an Ito integral. In general, X; inherits the non-differentiability of

sample paths from the Brownian motion in the stochastic integral.

Remark 3.1.8 Stochastic differentials can also be obtained using other processes,
dXt = a(t, Xt)dt + b(Xt,)dNt

N is a cadlag (from the French “continue a droite, limite a gauche”) Poisson process, and
N,;_ denotes the left-limit lim,_; N,. X; coincides with X;_ if X; has continuous paths. We

may define stochastic differentials using combination of stochastic processes,
dX; = a(t, X;)dt + b(t, X;)dB; + c( X, )dNy
Moreover, the coefficients can be stochastic, i.e., with direct dependence on the forcing process
dX; = a(t, Xy, Ny)dt + b(X;_)dN;.

There is a price for the convenient notation, namely that stochastic differentials, interpreted
in terms of stochastic integrals, do not transform according to the rules of classical calculus.

Instead an additional term appears and the resulting expression is called the Ito formula.

3.1.3 Functions of stochastic processes

An important aspect when working with stochastic processes in continuous time is that rules
for computing differentials of functions of those processes are different from classical ones.
We start with one stochastic process, in particular with a one-dimensional Brownian motion,

and generalize results for higher dimensions and other stochastic processes afterwards.
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Computing differentials for Brownian motions

The Ito formula as a rule can be found in many texts (e.g. Oksendal 1998, Theorem 4.1.2).

Theorem 3.1.9 (It6’s formula) Let X, be a scalar stochastic process given by
dX; = a(t)dt + b(t)dB;.

Let g(t,z) be a C? function on [0,00) x R. Then, Y; = g(t, X;) obeys the differential

0 0 1 07 2
dY, = ag(t, X,)dt + a—xg(t, Xp)d Xy + §Wg(t’ Xi)(dXy)

where (dX;)? = (dX;)(dX;) is computed according to the rules,

Using (dX;)* = a®(t)dtdt + 2a(t)b(t)dtdB; + b*(t)(dB;)? = b*(t)dt, we obtain

dy, Oy, + a(t) 9y, + 1b2(t) o Y; | dt + b(t) O y,dB (3.3)
== a(t)— = — — .
ot or ' 27 Vo)t ox

Note that Ito’s formula is also referred to as change of variables. A similar rule can be stated
and proved for the class of semimartingales, which includes Lévy processes, in particular the

Poisson process and the Brownian motion (cf. Protter 2004, chap. 2.3, 2.7, Theorem 2.32).

Remark 3.1.10 As a sketch of a proof, consider the stochastic differential dX; = adt+bdB;,
or equivalently, X; = X, +a(t —s) +b(B; — By), and the C? function g(t, X;). Using Taylors

theorem, a second-order approrimation around s and X, is

0, X0) = (5, X) + 5rg(s X)(E = 5) 5 -gl5, X) (X0 = X
5 (mgeate X006 — X+ 250 0(s, XX = Xa)(t = 8) 4 zato, Xt = o)

Substitute Ag(t, X¢) = g(t, X¢) — g(s, Xs), AXy = Xy — X, and At =t — s,

) )

Ag(tv Xt) ~ EQ(S7XS)A-L- + %9(8, XS)AXt

43 8—2( X,)(AX,)? + 2 > ( X)AXAt+a—2( X,)(At)?
2 (3:1:)29 S, s t 3x5tg S, s t (at)Qg S, s

Here, AX; = aAt + bAB;, and AB; is of order VAt since Var(AB;) = E ((AB;)?) = At.
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As At — dt, all terms with higher orders, AtAt, AtAB; — 0, AB;AB; — dt, and thus
(AX,)? = a®(At)® + 2abAtAB, + b*(AB;)* — bdt.

Example 3.1.11 Consider the simplest case where Xy = By and g(t,x) = put + ox. Then,
Y, = g(t, B;) = pt + 0By, and using It6’s formula Y; obeys the differential

dY; = pdt + od By

which is the stochastic differential of a Brownian motion with drift. Observe that if g(t, )

is linear, the Ito formula reduces to the chain rule of classical calculus.

Example 3.1.12 Consider the case where dX; = o(t)dB; and the function g(t,z) = €.
Then Y; = g(t, Xy) = exp(Xy), and from Ité’s formula Y; obeys the differential

1
dY; = 502(t)§/;dt + o ()Y;dB;

which is the stochastic differential of a geometric Brownian motion (geometric diffusion).

Observe that using g(t,x) = "2 Jo P Wdu ye obtain

1 1
dY; = (—502@)31 + 502@)3@) dt + o (t)Y,dB, = o(1)Y;dB,.

This shows that the counterpart of the exponential in the Itd calculus is exp(X,—3 fot o?(u)du).

Exercise 3.1.13 Find the following stochastic integrals in terms of classical calculus

1. .
/des
0
2.
t
/sst
0
3.
t
/f(s)dBS
0
4.

t
/ B.dBq
0
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Remark 3.1.14 An It6 stochastic integral can be thought of as a random wvariable on the

bounded interval [to, 1],
Xy =Xy + /tt f(s, Bs)dBs,
0
satisfying the following properties
1. B(Xy, — Xy) =0 for to <ty <ty
2. E(X}) = [, E(f(s,B,)?) ds < 0
3. [ f(s,B)dB, = [} f(s, B)dB, + [ f(s, B)dB, for to<ti <ty

to

The It6 formula can easily be generalized to an m-dimensional Brownian motion Z;,

where the Z;(t) for i = 1,2, ...,m are scalar processes which are pairwise correlated,
E [(Zl(t) - ZZ(S))(Z](t) - Z](S))] = (t - 3)pija 0 S S S t, Z,] = 1, 27 ey N,

where p;; is the correlation coefficient between increments of stochastic processes. When the
Brownian motion are pairwise independent, then p;; = 0 for ¢ # j and p;; =1 for ¢ = 5. An

It6 formula for correlated Brownian motions is below (e.g. Merton 1999, Theorem 5.1).

Theorem 3.1.15 (It6’s formula for systems of Brownian motions) Let
dXt = U(t, Xt)dt + O'(t, Xt)dZt
be an n-dimensional Ito process in matrix notation where

Xl(t) (A} 011 ... O1m le(t)
Xt = ) U(t, Xt) = ) U(ta Xt) = ) dZt =
X, (t) Up Onl -« Onm dZ,(t)

Let g(t,x) = (g1(t, ), ..., gp(t, ) be a C* map from [0,00) x R™ into RP. Then the process

Y: = g(t, Xy) is again an Ito process, whose component k, obeys the differential

5, "9 1 g 2
AYi() = 5o0(t, X0) + ; a—%gk(t, X)dXi+ 5 > Mgk(t, X)dXdX;  (3.4)

i=1 j=1

where

where p;; 1s the correlation coefficient between increments of the stochastic processes.
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Example 3.1.16 Consider two independent stochastic processes X1 and X,

1 0
Y22

dXt = Utdt -+ dBt = Utdt —+ ’}/dBt

or equivalently, consider a two-dimensional system of stochastic differential equations,

Xm(t) = Ul(t)dt—f-’}/lldBl(t),
ng(t) = Ug(t)dt—f-’}/ggng(t),

and let g(t,z) = z129 be a C? function on R? — R. Then, the stochastic differential for the

product scalar process Yy = X1 Xy reads
dY, = Xod X, + X1d X5 + dX1d X5,
where (dX1)? = 3, dt, (dX3)* = v2,dt, dXdXs = 0. Hence, we obtain
dY; = (uq(t) X + uo(t) X1)dt + v11 Xod By (t) + 22 X1dBs(t).
Example 3.1.17 Consider two dependent stochastic processes X1 and Xs,

Y11 V12
Y21 Y22

dXt = Utdt —+ dBt = Utdt —+ ’}/dBt

or equivalently, consider a two-dimensional system of stochastic differential equations,

dX,(t) = wi(t)dt + y11dBy(t) + 712dBs(t),
ng(t) = Ug(t)dt + ’}/QldBl (t) + ’}/QQdBQ(t),

and let g(t,z) = z129 be a C? function on R? — R. Then, the stochastic differential for the

product scalar process Yy = X1 X5 reads
dY; = X2dX1 + deXQ + XmdXQ,
where (dX1)? = (7 +7i)dt, (dX2)? = (73 + 722)dt, dX1dXs = (11721 + Y22 712)dt. Hence,

dY; = (u1(t) Xo4ua(t) X1 +711721 +722712) At + (Y11 Xo+721 X1)d By () 4 (Y22 X1 +712X2) d B (1)
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Example 3.1.18 Consider two dependent stochastic processes X1 and Xs,

0
dX; = wdt + | 7 dZ, = uydt + diag(0)dZ,

02

or equivalently, consider a two-dimensional system of stochastic differential equations,

Xm(t) = Ul(t)dt—f—Ulel(t),
ng(t) = Ug(t)dt+02dZ2(t),

and let g(t,z) = z129 be a C? function on R? — R. Then, the stochastic differential for the

product scalar process Yy = X1 Xy reads
dY, = Xod X, + X1d X5 + dX1d X5,
where (dX,)? = oidt, (dX5)? = o3dt, dX1dXy = (p120102)dt. Hence,
dY; = (uq(t) Xo + uo(t) X1)dt + 01 XodZ1 () + 09 X1dZ5(t) + praoioadt

The It6 formula contains an m-dimensional standard Brownian motion By, where B;(t)

for © = 1,2,...,m are a scalar processes which are pairwise independent,
BI(B(t) - Bis)(Bi(t) = By(s)] = (1= 5)0y, 0<s<t, ij=12.m
and 6;; is the Kronecker delta symbol defined by,
by = { LY
0 : 1#y
Observe that the appropriate Ito6 formula is contained in Theorem 3.1.15 for p;; = d;;. Note

that the stochastic differential is simply the sum of the differentials of each stochastic process

independently, plus a term capturing the correlation structure.

Computing differentials for Poisson processes

When we consider the stochastic differential of a function of a variable that is driven by a

scalar Poisson process, we need to take into account the following version of Ité’s formula.
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Theorem 3.1.19 (cf. Sennewald 2007, Theorem 1) Let X; be an stochastic process,
dXt = a(t, Xt)dt + C(t, Xt,)dNt.
Let g(t,z) be a C' function on [0,00) x R — R. Then, Y; = g(t, X;) obeys the differential

dY, = 2g(t, Xy)dt + a(t, Xy) 0

- S0t X0+ (g(t, Xie +clt, X)) = g(t, Xi))dN:  (3.5)

This rule is intuitive, because the differential of a function is given by the usual chain rule
plus an obvious jump term. If the point process N; increases by one, X, increases by c(t, X;_),
which translates into a jump in Y; from g(¢, X;—) to the new value g(¢, X;— + c(t, X;—)), or
equivalently, it jumps by g(t, X;— + c(t, X;—)) — g(t, X;—). Remember that IV; simply counts

the arrivals up to ¢t and a new arrival lets V; increase by one, that is dN; = 1.

Theorem 3.1.20 (cf. Sennewald 2007, Theorem 1) Let
dXt = U(t, Xt)dt + /U(t, Xt_)dNt
be an n-dimensional Poisson process in matriz notation where

X1 (t) (A} Vi1 ..« Uim dN1 (t)
X = ) U(t, Xt) = ) /U(tath) = ) dNy =
Xn(t) Up Upl o Upm dN,(t)

Let g(t,x) be a C' map from [0,00) x R™ into R. Then the scalar process Y; = g(t, X;) is

again a Poisson process, and obeys the differential

dYt:a

59 X0+ %w, X)uwdt + 3 (gt Xoo +0;) — g(t, X)) AN, (1) (3.6)

j=1
where v; denotes the jth column of the n x m matriz v(t, X;_).

Remark 3.1.21 A stochastic integral driven by a Poisson process is a random variable on
the bounded interval [to, 1],

t
X = Xy, +/ f(s, Ns)dNg,
to
satisfying the following properties (cf. Garcia and Griego 1994)

1. j:; [ (s, Ny) dNs — fti [ (N, s) Ads is a martingale

98



2. [2 f(s,N)dN, = [ f(s, NoJAN, + [ f(s,No)AN, for ty<t; <ty

3. E(Xy, — X)) = E( ta f(s,Ns)st) - E( ta f(s,NS))\ds> for to<t; <t

t1 t1

Example 3.1.22 Consider two dependent stochastic processes

dX, = u(t)dt + | "M ””]dz\@,

V21 V22

or equivalently, consider a two-dimensional system of stochastic differential equations,

Xm(t) = ul(t)dt + Ullle (t) —+ UleNQ(t),
dXQ(t) = UQ(t>dt -+ Uglle (t) —+ ’U22dN2(t>,

and let g(t,z) a C* function [0,00) x R? — R. Then, the process Y; = g(t, X;) obeys

Y, = Solt,X)dt+ | gt X)) gl X)) |uyat

9
ot?
+ [ g(tht* + Ul) - g(t7Xt*> g(t,Xt, + 7)2) - g(t7Xt7) dNt

| U | V12
v = s Vo = .
U21 V22

where

This feature is frequently encountered in economic models when there is one economy-wide

source of uncertainty, say new technologies arrive or commodity price shocks occur according

to some Poisson process, and many variables in this economy (for example relative prices)

are affected simultaneously by this shock (Wélde 2007, p.181).

Computing differentials for jump-diffusions

This section replicates a version of Itd’s formula (change of variables) for a setting where

variables are driven by Brownian motion and Poisson processes, henceforth jump-diffusion

models (see Sennewald 2007, chap. 6). Similar rules for computing differentials can be found

in Wilde (2007, chap. 9), a more general version is in Protter (2004, Theorem 32).

Theorem 3.1.23 (Itd’s formula for jump-diffusions) Let

dXt = a(t, Xt)dt + b(t, Xt)dBt —+ C(t, Xt,)dNt
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be a scalar stochastic process, where By is a scalar Brownian motion, Ny is a scalar Poisson
process, both forcing processes being stochastically independent. Let g(t,z) be a C? function
on [0,00) X R. Then, Y; = g(t, X;) obeys the differential

) ) 1, o2

0
+b(t, Xt)%g(t, Xt)dBt ‘I— (g(t, Xt— + C(t, Xt—)) — g(t, Xt_))dNt. (37)
Note that as long as no jump occurs, dN, = 0, we simply obtain the case of a scalar
Brownian motion. If a jump occurs, dN; = 1, the system jumps by ¢(¢, X;_), and continues

as a Brownian motion with drift until the next jump occurs. Thus, the rule (3.7) simply

extends previous rules by allowing for possible jump terms.

Exercise 3.1.24 (Option pricing) Let the price of a stock, Sy follow
dSt = O[Stdt + UStdBt.

By is a standard Brownian motion, i.e., o denotes the (instantaneous) expected rate of return
and o* its variance. Suppose the price of an option is Yy = g(t, S;). Let the price of a riskless
asset, Py, follow dP, = rPidt. Obtain a pricing formula for Y;, given the portfolio strategy of

holding ny units of stocks, ny units of options, and nz units of the riskless asset.

This exercise employs It0’s formula to derive a pricing formula for options as in Black
and Scholes (1973) closely following Merton (1976).

3.1.4 Solutions of stochastic differential equations

As with linear ODEs, the solution of a linear stochastic differential equation (SDE) can be
found explicitly. The method of solution also involves an integrating factor, or equivalently,
a fundamental solution of an associated homogeneous differential equation.

SDEs driven by Brownian motions

Below we will describe solution techniques for scalar SDEs, while extensions to linear systems
of SDEs are straightforward (cf. Kloeden and Platen 1999, chap. 4.2, 4.8),

dX, = (a1 ()X, + as(t))dt + (by() X, + bo(t))dB, (3.8)

where the coefficients aq, as, by, by are specified functions of time ¢ or constants. When all

coefficients are constants the SDE is autonomous and its solutions are homogeneous Markov
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processes. When as(t) = 0 and bo(t) = 0, (3.8) reduces to the homogeneous linear SDE
dX; = a1 (t) Xedt + by (t) X d By (3.9)
with multiplicative noise. When b;(t) = 0, in (3.8) the SDE has the form
dXy = (a1(t) Xy + ax(t))dt + be(t)d B, (3.10)

with additive noise, and the SDE is said to be linear in the narrow-sense.
Consider the homogeneous equation associated with (3.10), dX; = a, () X:dt, which is an
ODE with the fundamental solution

By, = exp ( /t: al(s)ds) . (3.11)

Applying 1t6’s formula (3.7) to the transformation g(¢,z) = CI);)}OZL‘, we obtain

d(@, 4 X)) = —ai(t)®,, Xydt + O, dX,
= —a1 ()P, Xodt + ai () D Xydt 4 ax(t) ;L dt + by(t) Dy 4 dBy
= ay(t)®; ;) dt + ba(t) Py dBy.

Observe that @, tlo can be interpreted as an integrating factor for (3.10). Integrating both
sides gives the solution to the SDE with additive noise (3.10),

t t
Xt = (I)t,to (Xt0+/ G/Q(S)(I)S’%OdS—F/ bQ(S)q)S;OdBS)7 (312)

to to

where the fundamental solution @, ., is given in (3.11).
Exercise 3.1.25 Use [to’s formula to prove that (3.12) actually is a solution of (3.10).

For the linear case with multiplicative noise, we may use the result for the linear SDE
with additive noise. It follows by It6’s formula that d(In X;) for the homogeneous equation

of the SDE with multiplicative noise in (3.9) obeys
d(In Xy) = ay(t)dt — 165 (t)dt + by (t)d By,

which becomes a linear SDE with additive noise in In X;. Integrating both sides gives the
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fundamental solution to the homogeneous SDE with multiplicative noise (3.9),

¢ ¢
X; = X exp (/ (a1(s) — 2b7(s)) ds +/ bl(s)st) : (3.13)
to to
In fact, the solution in (3.13) coincides with (3.11) for b;(¢) = 0. In that we may use the
integrating factor for the general linear SDE in (3.8),

t ¢

4, = exp (/ (ai(s) — 3bi(s)) ds +/ bl(s)st> , (3.14)
to to

where d (P 4) = ay1(t) Pty dt + b1(t) P4, dB;. Observe that both random variables ®,,, and

X; from (3.8) have stochastic differentials involving the same process By, so [td’s formula

must be used with the transformation g(z1,22) = g(®;,., X;). After some algebra,
d(@, 0 X)) = (ax(t) — bi(t)ba(t)) By dt + by(t)®; ) dBy.

Integrating both sides gives the solution to the general linear SDE in (3.8) as

t t

Xt = cbt,to (Xto +/ (GQ(S) — bl(S)bQ(S)) (I);tlods +/ bQ(S)q)&tlost) , (315)
to to

where the fundamental solution ®;;, is given in (3.14). Observe that for by = 0, the general

solution (3.15) reduces to solution of the narrow-sense linear SDE (3.12).

Exercise 3.1.26 (Langevin equation) A molecular bombardment of a speck of dust on a
water surface results into a Brownian motion. Compute the velocity, X;, of a particle when
the acceleration of the particle obeys dX; = —aX;dt + bdB;.

Example 3.1.27 (Option pricing) Consider an European call option (which can only be
exercised at maturity) gives the holder the right to buy the asset at fivzed T (maturity) at the
fized price S (strike price). Observe that the value of the option, Y; = g(t, S;), satisfies

Y, =g(t,0) =0, Yy =g(T,Sr)=max{0,Sr — S}.

Using these boundary conditions, the partial differential equation (PDE) for the price of the

option,
Y, Yy, y 0O,
o =i rSigg a0 S

has the solution
Y, = ®(dy(t,5,))S; — e” T ®(dy(t, S;))S  with
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In(S;/S) + (r+ 10*(T — t)) In(S;/S) + (r — 30%(T — 1))
ovIT —1t ’ ovVI —1 ’
where ©(-) is the cdf of the standard normal distribution (Black and Scholes 1973, p.644).

Note that a rational investor will not exercise a call option before maturity. Thus the value

dl (ta St) = d?(ta St) =

of an American call option is the same as the value of a European call option.

Remark 3.1.28 (Computing moments) If we take the expectation of the integral form
of equation (3.8) and use the property of an Ito stochastic integral, E [ f(s, X;)dBs =0, we
obtain an ODE for the mean, my(t) = E(X}), namely

dml(t) = (a1 (t)m1 (t) + a2(t))dt
Similarly, the second moment, my(t) = E(X?), satisfies the ODE,
dma(t) = ((2a1(t) + b7 () ma(t) + 2(az(t) + by ()ba(t))ma (t) + b3(t)) dt.

The solutions to the ODEs above are the time-dependent moments of the distribution of X,.

Letting t — oo, we may obtain the moments of some limiting distribution.

Exercise 3.1.29 (Geometric Brownian motion) Use [t6’s formula to solve
dPt = ILLPtdt + O'PtdBt,
where P, denotes the size of population. Obtain the expected rate of population growth.

SDEs driven by Poisson processes

Consider the following scalar SDE (cf. Garcia and Griego 1994),
dX; = (a1(t) Xy + ao(t))dt + (b1 (£) Xi— + bo(t))d Ny, (3.16)

where the coefficients aq, as, b, by are specified functions of time ¢ or constants. Similar to
the approach of solving SDEs with driven by Brownian motions, we use an educated guess

of the fundamental solution to the homogeneous differential equation of (3.16) as

t t

D, 4, = exp (/ ai(s)ds +/ In(1+ bl(s))st) ) (3.17)
to to

where d (®y4,) = a1(t)Prs,dt + by (1) Py 4, dN;. Observe that both random variables ®;,, and

X; from (3.16) have stochastic differentials involving the same process Ny, so the [to formula
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must be used with the transformation g(z1,z2) = g(®;}., X;). After some algebra,

_ _ ba(t) _
AP, LX) = aQ(t)cbt;OdtercbtitodNt.

Integrating both sides gives the solution to the general linear SDE in (3.16) as

t t
_ 52(3) _
X, = X o ld —="_ o' dN, 3.18
t t,t0< t0+/to as(s) s.to S—f-/to 1+ ba() s—to )> ( )

where the fundamental solution ®;;, is given in (3.17).

Exercise 3.1.30 (Geometric Poisson process) Use [t6’s formula to solve
dAt = ILLAtdt + ”}/At_dNt, Y > —1

where Ay denotes total factor productivity (TFP). Obtain the expected growth rate of and

Wlustrate your result graphically.

Reducible stochastic differential equations

With an appropriate transformation X; = U(¢,Y;) a nonlinear SDE
dY; = a(t,Y;)dt + b(t, Y;)dB; + c(t, Y;— )d Ny
may be reduced to a linear SDE in X,
dX; = (a1(t) Xy + ao(t)) dt + (b1 (t) Xy + ba(t)) dBy + (c1(t) Xe— + c2(t)) dNy.

In principle, all reducible ODEs are candidates for reducible SDEs. A reducible SDE has an
explicit solution provided that the integrals exist Kloeden and Platen (1999, chap. 4.4).

For illustration, consider a stochastic Bernoulli equation,
dXt = (ath -+ bXt)dt -+ CXtdBt —+ JtXt,dNt,

a stochastic process with constants coefficients a,b,c¢ € R, and polynomial drift of degree
n # 1. Let B, denote a Brownian motion, IV, is a Poisson process, and J; is a stochastically

independent random variable where the first two moments exist. It can be shown that

t T
X, = @y, (X}O" + (1 —n)a / cbgﬁtolds) : (3.19)

to
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where

t
ét,to = €Xp ((b —_ %C2) (t — to) —+ (Bt — Bto)c + / 1n(]_ + Ju)dNu) .

to

A special case for n = 2 is referred to as the stochastic Verhulst equation.

3.1.5 An example: Merton’s model of growth under uncertainty

This section introduces Merton’s asymptotic theory of growth under uncertainty, where the
dynamics of the capital-to-labor ratio is a diffusion-type stochastic process. The particular
source of uncertainty chosen is the population size although the analysis would be equally
applicable to other specifications (Merton 1999, chap. 17).

Consider a one-sector growth model of the Solow type with a constant-returns-to-scale,
strictly concave production function, Y; = F(Kj, L;), where Y; denotes output, K; denotes
the capital stock, L; denotes the labor force. Capital will be accumulated in a deterministic

way according to

where 0 is the rate of physical depreciation and C} is aggregate consumption.

The source of uncertainty is the population size L;. Suppose that
st = nLtdt -+ O'LtdBt (321)

where {B;}°, is a standard Brownian motion. By inspection of the random variable L; will
have a log-normal distribution with Ey(In L;) = In Ly + (n — $0°)¢, and Vary(In L;) = o*t.

Exercise 3.1.31 Show that Ey(In L;) = In Ly + (n — %O.Q)t and Varo(In Ly) = o2, whereas
Eo(Lt) = Loe™ and Varg(L;) = ™ (602t ~1).

As in the certainty model, the dynamics can be reduced to a one-dimensional process for
variables in intensive form. Using It6’s formula, the capital stock per capita, k;, = K;/L;

follows the stochastic differential equation

dkft = (yt — 61@} — Ct)dt — k’tndt + k0'2dt — O']CtdBt
(yt — (6 + n — 0'2)kft — Ct)dt — O'ktdBt

b(ky)dt — \/a(k;)d B,

where v, = Y;/L; = f(k;) denotes output, and ¢, = C;/L; = (1 — s)Y;/L; is consumption
both in intensive form (per capita). Hence, the accumulation equation in intensive form is a

diffusion process. In particular, the transition probabilities for k; are completely determined
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by the functions b(k;) = sf(ki) — (0 +n — 0?)k; as the (instantaneous) expected change in

k; per unit of time, and a(k;) = (ck;)? as the (instantaneous) variance.

Exercise 3.1.32 Obtain the non-stochastic steady state values for capital in intensive form

and for the rental rate of capital.

Before going on to analyze the distributional characteristics of k;, it is important to
distinguish between the stochastic process for k; and the one for K;. While the sample path
for k; is not differentiable, the sample path for K; is. Thus, unlike in portfolio models, there
is no current uncertainty, but only future uncertainty. The returns to capital (and labor)

over the next instant are known with certainty (Merton 1999, p.584),

Ty = f/(k?t), w, = f(ky) — k?f,(k?t)‘ (3.22)

Just as in the certainty model the existence and properties of the steady-state economy
can be examined, so can they be for the uncertainty model. Instead of there being a unique
point k in the steady-state, there is now a unique distribution for k which is time and initial
condition independent and toward which the stochastic process for k; tends.

Throughout the analysis we assume that the following set of sufficient conditions for
existence are satisfied Merton (1999, p.585): (i) f(k:) is concave and satisfies the Inada
conditions, (ii) c(k;) < f(k;) for all k, < k for some positive k, and (iii) 6 +n—0c? > 0. Then
it is possible to deduce a general functional representation for the steady-state probability
distribution. Let m(-) be the asymptotic or limiting density function (steady-state density)
for the capital stock per effective worker. It will satisfy (Merton 1999, Appendix 17B)

my(k) = lim 7 (k) = a((czft) exp [ / ) Zb(f)) dx] , (3.23)

where Cy is a constant chosen so that [ m,(z)dz = 1.

A Cobb-Douglas economy (constant-savings-function)

There is a specific functional form where the steady-state distributions for all variables can
be solved for in closed form. If it is assumed that the production function is Cobb-Douglas,

f(k:) = K, and that saving is a constant fraction of output (s is a constant, 0 < s < 1),
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then by substituting the particular functional form in (3.23) it can be shown that

C M 251 —2(0+g+n— o)
(k) = 0222 exp [/ ( 0222 : dx}
(CO —2(8+g+n) 2s
= D= E— 24
o? P { (1—a)o? ] (3:24)

To specify the constant term, we employ the condition fooo mr(k)dk = 1. It can be obtained
indirectly from the Gamma(y,w) distribution (see Merton 1999, chap. 17.4).

Remark 3.1.33 (Gamma(y,w) distribution) The probability model, i.e., the collection
of the density function indexed by unknown parameters (v,w) and the parameter space, of

the Gamma distribution is
1

{f(if; (v,w)) = ;u(v) <g)71exp [—g] . (rw) e Ri, T E R+} )

It follows that E(X) = yw, and Var(X) = yw? (see Spanos 1999, p.140).

Given that capital rewards are r, = ak® ', we may use the change of variable formula
for densities in Theorem 1.7.33, 7,(r) = mx(k)/(|dr/dk|), to obtain

0'272(64»71,) _1

m) = o (5T e |- ]

Cow" a7 <T>7_1 [ T]
———5 (=) ep|——|,
w

(1—-a)o? \w

where we defined v = % >0 and w= % By inspection, r has a Gamma(y,w)
distribution, where
C, = (1—a)o?
I'ywra=

is needed to satisfy the property of a density function.

Exercise 3.1.34 Obtain the stochastic differential for the rental rate of capital, r, = ok,
and interpret the coefficients of the resulting stochastic differential equation. Compute the

solution to the equation and derive the mean and the variance of the limiting distribution.

Similarly, the density functions and moments of the distributions for all the variables can
be deduced from (3.24) and using Theorem 1.7.33. The analysis would be identical for other
types of consumption functions, in particular, for closed-form policy functions resulting from

stochastic control problems.
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Figure 3.1: Comparing the limiting distribution of capital rewards r; for parameter values
(o, 0,n,0,5) = (.5,.02,.02,.1,.4), to a Normal distribution with same mean and variance
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3.2 Stochastic dynamic programming

Literature: Dixit and Pindyck (1994, chap. 3,4), Kloeden and Platen (1999, chap. 6.5),

Chang (2004, chap. 4), Turnovsky (2000, chap. 15), Walde (2007, chap. 2,7)

This section considers how to control a dynamic system subject to random disturbances,

studying optimal stochastic control problems under Brownian and Poisson uncertainty.
Consider the following typical infinite horizon stochastic control problem,

maXE/ €_ptf(t,Xt,Ut)dt s.t. dXt = a(t,Xt,ut)dt -+ b(t,Xt,Ut)dBt -+ C(t,Xt,,Ut,)dNt,
0

Xy = x, (B(),N()) =z, (l’,Z) € R x R%r

where {B;}?°, is a standard Brownian motion, and {N;}°, is a Poisson process.

3.2.1 Bellman’s principle

Closely following Sennewald (2007), we obtain the Bellman equation at time s as

1
_ _E
pV (s, x) gléa(}({f(s,x,u)—i-dt st(8,$>}
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which is a necessary condition for optimality. Using [t6’s formula (change of variables),

2

9, 0 0
dV(s,x) = (EV(S, x) + a(s, azu)%V(s,x) + 10%(s, x,u)@‘/(s,xﬂ dt

(s, 0) SV (s, 2)By + (V5,2 + cls, 7)) — V (5, 2)dN

If we take the expectation of the integral form, and use the property of stochastic integrals,

Ey /t b(s,x,u)%V(s,x)st =0
EO/O (V(s,z+c(s,z,u)) — V(s,x))dNs = /o (V(s,x+c(s,x,u)) — V(s,x))Ads,

assuming that the above integrals exist, in particular that the reward function satisfies some

boundedness condition (Sennewald 2007, Theorem 2), we may write

2

EdV(s,z) = (%V(s, z) + af(s, x,u)%V(s, z) + 10%(s, u)%V(s,x)) dt

+(V(s,z+c(s,z,u)) — V(s,x))Adt
= (Vt +a(s, z,u)V, + %b2(3, T, ) Ve + (V (s, + (s, x,u)) — V (s, x)))\) dt

and the Bellman equation becomes (suppressing functional arguments)
oV (5,2) = max { () + Vi al )V HP(WVae + (V(s, 2+ () = V(s 2)A}

A neat result about the continuous-time formulation under uncertainty is that the Bellman
equation is, in effect, a deterministic differential equation because the expectation operator

disappears (Chang 2004, p.118). Hence, the first-order condition reads
Ju() + au(-)Vals, @) + %bi()%x(sa ) + Va(s, x + c(s, z,u))eu(-)A = 0.

In contrast to deterministic control problems, we now obtain a second-order effect resulting
from the Brownian motion forcing term, and a first-order term linking the utility before and
after a jump resulting from the Poisson process.

For the evolution of the costate we use the maximized Bellman equation,
pV(s,x) = f() + Vit a()Ve + 50°(WVao + (V(s, 2+ (1)) = V(s,2))A

where the optimal control is a function of the state variables (the dependence on the state
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vector z has been neglected for notational convenience). We then make use of the envelope

theorem to compute the costate,

pVae(s,x) = fuo(s,z,u(x)) + Vie + az(s, z,u(x)) Ve + als, v, u(2)) Vo

2
+1 (02(s, 2, u(2))Vaw + (s, 2, u(2)) Viga)
+(Vals, 2+ c(t, z, u(x))) (L + ¢ (+)) — Val(s, 2))A

Collecting terms we obtain

(p—a.(-) + N Ve = fol)+ Ve +a(-)Vie + %bQ()%m + %bi(ﬁfm
+Ve(s, 2 + () (1 + ()N (3.25)

Using It0’s formula, the costate obeys

dVi(s,2) = (Vig + a(\Vau(s,2) + 202 (-)Vie) dt
+Veeb()dBy + (Vi(s, x + c(s,x,u)) — Vy(s,x)) dNy

where inserting (3.25) yields

d‘/a:(sv £L‘) = ((/O - aw() + )‘) Vx(sv £L‘) - fx() - %bi()‘/mm - )‘(1 + Cw('))‘/m(sv T+ C())) dt
+ V() dBy + (Vi(s, . + (s, x,u)) — Vi(s,x)) dN;

which describes the evolution of the costate variable.

As the final step, to obtain the Fuler equation we use the first-order condition,
fu(t) = =au(YVa(s, ) = S05(-)Vau(s, @) — Vals,z + (s, z,u))cy ().

to substitute unknown functions by known functions. In general we are not able to eliminate
shadow prices form the resulting equation. In the case where b(-) = 0 and ¢(-) = 0 we obtain

the deterministic version of the Euler equation in (1.72).

Exercise 3.2.1 (Optimal saving under Poisson uncertainty) Consider the problem,

maxE/ e Pu(Cydt st dK; = (AKle’a — Ct) dt — vK;_dNy,
0

Ko=wz No=2z (z,2)eR:, 0<~y<l1

where N, denotes the number of disasters up to time t, occasionally destroying v percent of
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the capital stock K; with an arrival rate A > 0. Suppose that v’ > 0 and u” < 0. Solve the

planners problem and find the optimal consumption path using the inverse function.

Remark 3.2.2 (Hyperbolic utility and attitudes toward risk) The class of hyperbolic
absolute risk aversion (HARA) include the widely used (isoelastic) power utility or constant
relative risk aversion (CRRA), (negative) exponential utility or constant absolute risk aver-
sion (CARA), and quadratic utility (Merton 1999, chap. 5.6),

0 e 1-6 nc B ‘
U(C)_1——6<§+5> , 0#£0, n>0, ?+5>0, 0=1 4if 00— —0

whose measure of absolute risk aversion is positive and hyperbolic in consumption, i.e.

ARA(e) — -~ (% +5>_1n

which implies that 6 > 0 for @ < 0. For CRRA utility (0 > 0), use § =0, for CARA utility

let 6 — —o0 and use 6 =1 (which gives negative exponential utility in the limit).

Exercise 3.2.3 Let u(c) be utility generated by consuming, ¢ > 0. Find an expression for
u(c) of the type constant absolute risk aversion (CARA), and constant relative risk aversion
(CRRA), respectively. Distinguish between the cases 0 =1 and 6 # 1 for the latter.

Example 3.2.4 (Deriving a budget constraint) Consider an individual that invests in
both a risky asset (bond with default risk) and a riskless asset (bond). Suppose the price of
the risky asset obeys

dvy = avdt + Boe_dN;, (> —1 (3.26)

while on unit of the riskless asset gives instantaneous returns r, or equivalently, db, = rb,dt.
Let the individual receive fized income w, and have expenditures for consumption c¢;. Consider
a portfolio strategy which holds ny(t) units of the risky asset, and ny(t) units of riskless bonds.
Then the value of this portfolio is a; = viny (t) + byne(t) and its differential obeys

da; = dny(t)vy + dng(t)by + (ang (t)vy + rng(t)by)dt + Gng (t) v, d Ny
Let 0, denote the share of the risky asset, 0, = ni(t)vy/as, such that 1 — 6, = ny(t)by/ay, and
da; = dny(t)vy + dng ()b + (b + (1 — 0,)r)adt + 56;_a,—dNy
Since investors use their savings to accumulate assets,

dny(t)vy + dno(t)by = (meveng(t) + mpbina(t) + wy — ¢p) dt
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where m, and m, denote percentage dividend payments on the assets, respectively. Thus

da; = (myving(t) + mpbina(t) + wy — ¢ + (aby + (1 — 0,)r)ay) dt + B0, _a,_d Ny
= (((ﬂ'v + Oé)et + (1 — 925)(7“ + 7Tb)) ay + Wy — Ct) dt + ﬁ@t,at,dl\/}
(((ry — )0y + 1) ap + wy — ;) dt + 56;_a,—d Ny (3.27)

where we defined
Ty = T, + rbzﬂb+rz7rb+bt/bt
as the return on the risky asset conditioned on no jumps, and the riskless asset, respectively.

Both consist of dividend payments in terms of the asset price and the deterministic part.

Exercise 3.2.5 (Optimal consumption and portfolio choice) Consider an individual
portfolio decision problem between investing in a risky asset (bond with default risk) and a
riskless asset (government bill). There is no dividend payments. Individual debt is bounded

by the individual’s lifetime labor income, discounted at the riskless rate,
w
ag > —— € A, CR.
T
Solve the mazimization problem formalized by

maxE/ e "u(c)dt s.t. dag = ((( —r)0 +71)a; +w — ¢;) dt + $6;_a,_dNy,
0

ag=1x, Ng=2, (x,2) € Ag xRy

To avoid trivial investment problems (bang-bang), assume r < a+ [\ < «, where from (3.26)

MG is the expected jump in stock returns, and « its instantaneous drift term, g > —1.

This exercise builds on Sennewald and Wélde (2006).

3.2.2

This section introduces a simple model of the labor market that captures the salient features
of the theory of unemployment (Pissarides 2000, chap. 1). Suppose entry into unemployment
is an exogenous process, resulting from stochastic structural change or from new entry into
the labor force. The transition out of unemployment is modeled as a trading process, with
unemployed workers and firms with job vacancies wanting to trade labor services.

The central idea is that trade in the labor market is a decentralized economic activity.

It is uncoordinated, time-consuming, and costly for both firms and workers. As a modeling
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device, the matching function captures this costly trading process. It gives the number of
jobs formed at any moment in time as a function of the number of workers looking for jobs,
the number of firms looking for workers, and possibly some other variables. It has its parallel
in the neoclassical assumption of the existence of an aggregate production function.
Suppose there are L workers in the labor force. Let u denote the fraction of unmatched
workers, i.e., the unemployment rate, and v the number of vacant jobs as a fraction of the

labor force, i.e., the vacancy rate. The number of job matches is
mL =m(uL,vL), my >0, my, >0, My, <0, my, <0

defining the matching function with constant returns to scale (homogeneous of degree one).
The job vacancies and unemployed workers that are matched at any point are randomly
selected from the sets vL and ul. Hence the process that changes the state of vacant jobs

is Poisson with rate

m(uL,vL)/(vL)

By the homogeneity of the matching function, this rate is a function of the ratio of vacancies
to unemployment only. It is convenient to introduce the v/u ratio as a separate variable,

denoted by 6, and write the rate at which vacant jobs become filled as
q(0) =m(u/v,1) =m(1/6,1), ¢'(6) <0

During an infinitesimal small time interval, a vacancy is matched to an unemployed worker
with probability ¢(f), so the mean duration of a vacant job is 1/¢(¢). Unemployed workers

move into employment according to a related Poisson process with rate
m(uL, L)/ (uL) = m(1,v/u) = m(1,6) = 0q(0)

The mean duration of unemployment is 1/(6q(#)). Thus unemployed workers find jobs more
easily when there are more jobs relative to available workers, and firms with vacancies find
workers more easily when there are more workers relative to the available jobs.

Without growth or turnover in the labor force, the mean number of workers who enter
unemployment during an infinitesimal small time interval is (1 —u)LA and the mean number
who leave unemployment is m(1,v/u)L = uL0q(0), where 0q(0) is the transition probability

of the unemployed. The evolution of mean unemployment is given by the difference

d(ul) = (1 —u)LAdt — 0q(Q)uldt = 4= (1—u)A—0q(0)u
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Thus, in the steady state, the mean of unemployment is in terms of the two transition rates,

A

(I—uA=0¢0)u = u= X 0q00)

(3.28)
It implies that for given A and 6, there is a unique equilibrium mean unemployment rate. In
that X is a model parameter whereas 6 is yet an unknown. It can be shown that 6 can be
determined by an equation derived from the assumption of profit maximization and that it
is unique and independent of u. Hence, the solution for u is also unique. By the properties
of the matching function, (3.28) can be represented in the vacancy-unemployment space by
a downward-sloping and convex curve (known as the Beveridge curve).

Let us now formulate an individual’s budget constraint which incorporates this idea of
labor matching (Wéalde 2007, chap. 10.2). Suppose that Z; denotes labor income which has

two uncertain states,

7 { w wage income when employed
t =

b unemployment benefits else

which obeys

— (w— w— | M)
A% = —(w — b)ANL(t) + (w — BN, (), N, = [ o ] (3.29)

N, is a two-dimensional Poisson process where N;(t) is counting the numbers of separations,

whereas Nj(t) is counting the number of matches, with state dependent arrival rates,

M(Z) = A Zy =w (individual is currently employed)
BT 00 zo=0 (is unemployed)

and

0 Zy=w (individual is currently employed)

Ao(Z) = .
0q(0) Zy=b (is unemployed)

In that A\; and Ay are the probabilities of loosing and finding a job (or match), respectively.
The exogenous arrival rate Aq is related to the matching function, which can be interpreted

as the probability of filling a vacancy. Hence, a simple individual budget constraint reads
da,t = (T’at =+ Zt — Ct)dt (330)

where labor income is stochastic and given by (3.29).
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Exercise 3.2.6 (Matching on the labor market) Consider the control problem

maxE/ e "tu(cy)dt st.  day = (ray + Z; — ¢)dt,
0
dZ; = —(w — b)dN1(t) + (w — b)dNs(t)
ap =1, Zo =2, (x,z) € Ry x {w,b}
where Z; denotes two-states labor income, and the Poisson process Ny counts the number of

changing states from unemployment to employment, and vice versa. Suppose thatu' > 0 and

u” < 0. Obtain the expected present value of being unemployed and of being employed.
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